THE MATHEMATICAL ASSOCIATION. 


THE MATHEMATICAL ASSOCIATION. 


The Trustees of the Association have voted to approve the organization of a 
Louisiana-Mississippi Section. The report of the organization meeting will 
appear at an early date. 

The Trustees have voted in favor of accepting the invitation of Cornell 
University to hold its summer meeting there in 1925, in conjunction with the 
summer meeting and the colloquium of the American Mathematical Society. 

For the Committee on Arrangements in connection with the annual meeting 
of the Association in Washington, D. C., next December, President Rietz has 
appointed the following: H. L. Hodgkins, Chairman; W. D. Cairns, Archibald 
Henderson, W. D. Lambert, A. E. Landry, F. D. Murnaghan, and E. B. Phelps. 

The following thirty-nine persons and six institutions have been elected to 
membership, on applications duly certified: 


To Individual Membership. 


ZetpA ALLEN. Natchitoches, La. 

H. E. Arnoup, A.M. (Wesleyan). Instr., Wesleyan Univ., Middletown, Conn. 

L. G. Butter, A.B. (Oregon). Prin., High School, LaConner, Wash. 

J. P. Cotz, B.S. (La. State Univ.). Instr., La. State Univ., Baton Rouge, La. 

A. R. Conapon, A.M. (Nebraska). Asso. Prof., Pedagogy of Math., Univ. of Nebraska, Lincoln, 
Nebr. 

T. F. Cops, B.S. (Tulane). Instr., Tulane Univ., New Orleans, La. 

Winnirrep D. Daty, A.B. (Tulane). Teacher, Wright High School, New Orleans, La. 

Corauie Droz, A.M. (La. State Univ.). Teacher, High School, Baton Rouge, La. 

R. W. Frary, B.S. (Va. Military Inst.). Asst. Prof., La. State Normal Coll., Natchitoches, La. 

Nepa B. Freeman, A.M. (Boston Univ.). Teacher, Irving Coll., Mechanicsburg, Pa. 

AmetiA GAULDEN. ‘Teacher, High School, Bogalusa, La. 

Lucyr GuILBEav, A.B. (La. State Univ.). Teacher, St. Gabriel High School, Baton Rouge, La. 

J. D. Gwaurney, A.B. (Howard Coll., Ga.). Teacher, Sc. and Math., Jefferson Milit. Coll., 
Washington, Miss. 

J. A. Harpin, A.B. (Tennessee). Prof., Centenary Coll., Shreveport, La. 

E. : Soyer A.M. (Columbia). Prof., Math. and Physics, Internatl. Y. M. C. A. Coll., Spring- 

eld, Mass. 

H. N. Husss, B.E. (Union). Instr., Hobart Coll., Geneva, N. Y. 

A. Frances Jonnson, Ph.D. (Minnesota). Instr., Univ. of Minnesota, Minneapolis, Minn. 

Neus M. Jonnston, A.B. (Kearney State Teachers Coll.). Prin. and Teacher of Math., 
High School, Gibbon, Nebr. 

Lois Karr, A.M. (Wisconsin). Instr., Lindenwood Coll., St. Charles, Mo. 

J. A. Mannina. Natchitoches, La. 

Janice W. Mautpin, M.S. (Chicago). Prof., Grenada Coll., Grenada, Miss. 

B. E. Mircuety, Ph.D. (Columbia). Prof., Millsaps Coll., Jackson, Miss. 

J. E. Opp, B.S. (Nebraska). Asst. Instr., Univ. of Nebraska, Lincoln, Nebr. 

W. A. Perers, A.B. (La. State Univ.). Prin., High School, Zachary, La. 

V. 8. Puau, B.S. (La. Polytechnic Inst.). Instr., La. Polytechnic Inst., Ruston, La. 

Louis Quartes, A.B. (Michigan). Patent Atty., 68 Wisconsin St., Milwaukee, Wis. 

o_o B. Roop, M.S. (Michigan). Teacher, Math. and Physics, Westover School, Middlebury, 

onn. 

Rev. C. G. Scnarr, A.B. (St. Cyril); B.S. (Chicago). Treas. and Instr. in Se., St. Cyril High 

School, Chicago, Ill. 
J. M. Suarp, A.B. (Mississippi). Prof., Woman’s Coll., Hattiesburg, Miss. 
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C. R. Serer, A.M. (Nebraska). Instr., Univ. of Nebraska, Lincoln, Nebr. 

J. R. SHorravex, A.B. (Culver-Stockton). Prin., Univ. Demonstration High School, Baton 
Rouge, La. 

J. H. Srmester, M.A. (Toronto). Instr., Carnegie Inst. of Technology, Pittsburgh, Pa. 

W. B. Sroxes, M.S., M.E, (Alabama Polytechnic Inst.). Head of Dept. of Math., Southwestern 
La. Inst., Lafayette, La. 

Norma E. Toucustong, A.B. (La. State Univ.). Teacher, High School, Le Compte, La. 

B. A. Tucker, A.B. (Mississippi). Prin., High School, Elton, La. 

C. E. Wess, B.S. (La. State Univ.). Teacher, Univ. Demonstration High School, Baton Rouge, 
La. 

Louis WEISsNER, Ph.D. (Columbia). Instr., Univ. of Rochester, Rochester, N. Y. 

8. J. Wirvat, B.S. (Drake). Instr., Drake Univ., Des Moines, Iowa. 

F. E. Woop, Ph.D. (Chicago). Asst. Prof., Northwestern Univ., Evanston, IIl. 


To Institutional Membership. 


LitTLe Rock Co.zzce, Little Rock, Ark. Professor T. F. Smith, Official Representative. 

University oF SouTHERN CauirorniA, Los Angeles, Calif. Professor H. C. Willett, Official 
Representative. 

Inpiana UNIvErsiTy, Bloomington, Ind. Professor 8S. C. Davisson, Official Representative. 

Loyota University, New Orleans, La. Dean F. D. Sullivan, Official Representative. 

U. 8S. Minirary Acapemy, West Point, N. Y. Colonel C. P. Echols, Official Representative. 

Seton Hitt Coiiece, Greensburg, Pa. Dean M. Francesca, Official Representative. 


W. D. Carrns, Secretary-Treasurer. 


A SECOND BUDGET OF EXERCISES ON DETERMINANTS. 
By Sir THOMAS MUIR, Rondebosch, South Africa. 


This second ! collection of results, like the first, ranges freely over the whole 
subject—freely, but not quite impartially, some of the special forms of deter- 
minant receiving a little more than their fair share of attention. The skill 
required for the establishing of the results will be found also to vary over a wide 
range. On the one hand some of them are merely curious and more or less 
interesting instances of “evaluation,”’ while on the other, there are a few that are 
statements of fresh properties and that belong to the borderland of recent research. 
The difficulties which these latter may present are worth the expenditure of some 
time and effort, both because of their own value and because of their possible 
fruitfulness in leading to other properties equally desirable to be known. It is 
thus hoped that all grades of readers of the MontuLy who have begun the study 
of the subject may find something in the budget to suit their respective stages 
of advancement. Exceedingly few of the results can have been printed before; 
the two budgets, therefore, with their hundred items are a clear addition to the 
material equipment of every teacher of the theory of determinants. 


1. a+ 2B + 27 a+ a+ 
B+ea 2a + B+ 2y = 
B+ ¥ 2a + 28+ 


1 The first appeared in the Monruty for January, 1922, pp. 10-14. 


a 
q 


al 
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2. If s stand for a + B + y¥, then 
(m + 1)s(m?s? — 2ms? + 


(m — 1)s + 2a B+ By 
= Yt+a (m — 1)s + 28 Y+a 
a+B a+ B (m—1)s+ 


m—-a atB at+y 
=|Bt+a m—-B B+yY 
y¥+a m-y 


ms — 2a a a 
m 
ms — 2¥ 
m+1 Y B 
ms—-a-¥ a 
B a ms—B—a 
3. If bfg = edh, then 
abe 
g hk 


can be expressed in terms of three non-collinear elements and their complementary 
minors, the expressions being 


BF GB BFG CD , DH , HC CDH 
h d cdh 
4. If each hie of a chosen row of |a;bec3| be replaced by the product of 
four other elements, namely, the corresponding elements in the other rows and 
the elements not in the same row or column with the said corresponding elements, 
the resulting determinant equals 
30, 
—|bybe debs |- 
C2C3 
The same is true if columns be substituted throughout for rows, the imme- 
diate equivalent then being 
biey bse3 
— | C303), 
azb3 
which in substance does not differ from the previous equivalent. 
5. The alternant 
a (ay a)” — ae (ay az)? 
(%2— a1)? G2 (x2 — a2)” 
%3— a2 (x3 — a2)? 
— (ay — a1)? a2 (24 — a2)? 


| 
| 
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6. The expansion of 
a3 G4 
bs by bs be 
Cy Ce C5 Ce 
d, dg - + ds dg 
@3 ° ° 


fi fe fs ts 
as an aggregate of products of 2-line minors having been found, a simple memoria 
technica for it is obtainable. 


7. The number of positive terms in the determinant got from |4ai,| by chang- 

ing the signs of all the elements on one side of the diagonal is 
+ 2-4), 

bi be by by bs dg 
a3 Co Ge Ch 
fs dz fi fo ds fa 
@2 @4 @5 
fi fo fo fa fo fe 

43 b; be bs bs 
fitfs fetde fstds fet fa 

9. If in an n-line determinant two diagonals parallel to the principal diagonal 
be taken, the one containing h elements and the other n — h elements, the term 
composed of the said n elements bears the sign (— 1)‘*t»*, When the minor 
diagonals are parallel to the secondary diagonal, the exponent of — 1 must be 
increased by 3n(n — 1). 

10. atb+e, abj + bie; + 
b+eata bey + dea; 
ca;+ayb,+ dice cayby 
a+b+c ab+be+ca abe 

ata, aq 
(a — a,)(b — by) (ce — ey) 1 b+ bb; 
l1 etc, ce; 


11. |A;B.C3| being the adjugate of |a,bec3|, the permanent 


+ + 
aA 1 2 a3°A 3 
be bs 


C1 C2 C3 


can be expressed as a determinant. 
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12. If |4,B2C3| be the adjugate of |abocs|, then 
a;A2A3BiC; + a243A1B2C2 + 034142B3C3 = | aybecs| | bobs 
13. 20304 10304 A203 
bibsb, bibebs 
CoC3C4 C1C3C4 C1CoC4 C1C2C3 
ded3d, dydod, 
14. |aibecsd,|* is a factor of 
A1A2A3 
BoB;B, BiB3B, B, BoB, B,B.B; 
D2D3D4 D,D3D, D,D2D4 D,D2D; 


and |aybec3d4|* is not. 


| | bob, a3b1 | bobs | 
= | C3C4 | | C2C4 | | C2C3 | a4C1 | 


dsdq | 2d, | | a3d, | | | 


15. |aibecsd4| is a factor of 


boB3B, B3B, Be b3B, Be 

d2D3D, 


and |a,becsd4|? is not. 


16. 1 ab+ed at’ +ed 
1 act+bd ae’+bd 
1 ad+be bc 


17. If A, B, C, D stand for 
12(b, c,d), — §?(a,c,d), §?(a,b, d), — b, 
respectively, then the product of the binomial sums of A, B, C, D is equal to 
— b,c, 
18. If (a; hy, he, h3) stand for (2 — hy)(a — he)(x — hs), 


= — |, 


(bi: Qi, G2, (C1: G1, Ge, (dy: ay, 2, as) 
(ay: bi, be, bs) ° (ex: bi, be, bs) (di: bi, be, bs) 
(a1: C1, C2, C3) (di: C1, C2, (di: ¢1, Ca, 


(ay: di, do, d3) (by: dy, de, dz) (e1: di, de, ds) 
is divisible by bi, ¢1, di). 
(a™—c™)(b"+d") (a"—d™)(b"+c") 
19. = (b™—c™)(a"+d") (b™—d™)(a"+c")|- 
(e™—d™) (a"+b") 
20. |a%b'e?d3| | — | | + | | = 0. 


| 

| 
i] 
n 
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21. Any n-line axisymmetric determinant can be expressed as an axisym- 
metric in n! different ways. 


22. The zero-axial axisymmetric determinant 
abe abd acd bed 


abe + abe ace bce 
abd abe + ade bde| = (abede)*-4(— 1)‘. 
acd ace ade cde 


bed bce bde cde 


23. If |aie| be axisymmetric, then 


| 
00200340056 
where S is the sum of the four minors that have a2d34@5¢ for diagonal. 
24. 1 1 1 

1-3-5 2-4-6 3-5-7 

1 1 1 17 
2-4-6 3-5-7 4-6-8]  2%.3.58.78 

1 1 1 
3°5:7 4-6-8 5-7-9 


25.|a b c||aa?+ 2byx+ cy? ba? + 2cry + dy? ca? + + ey’ 
b c ba? + 2cay+dy? ca?+2dry + ey? da? + + fy’ 
e d e|| cx? + 2dry + ey? da*+ + fy? + + gy’ 


2 


ax+ by be+cy cx+dy 
ba + cy cxu+dy dxr+ey 
ca -+dy dx+ey ex+ fy 


abed 

boc d e|lax? + 2bay + cy? + 2cry + dy’ 
ec de f||ba?+ 2cay + dy? ca? + 2dary + ey’ 
def g 


26. The four persymmetric determinants 
9s, 14g), P(82, 83, 83), = P(9;, 10;, 137), — PQs, 94, +++, 97) 
are all equal, r, standing for r(r — 1) --- (r — s + 1)/s!, and 


abed 
bede 
Pca, b, c, d, e, f, g) for 
defg 
2a? 2a? 202 
2° b2 


2d? a d+ a? 


19: 


sy 

th 

wi 

by 

be 

co. 

ro 

de 

sy 

(wi 

ro 

th 
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28. If 2a stand fora + b+c+d-+e, then 


Ya — 4a a a a a 
b Za — 4b b b b 
c c Za — 4c c c 
d d d La — 4d d 


= — Ya{3(Za)? — 15(2a)*Zab + 50ZaLabe — 125Zabed}. 
29. Any determinant whose array consists of the arrays of four 3-line centro- 


symmetric determinants is resolvable into a 2-line and a 4-line determinant. 


30. If the principal diagonal of a determinant be a, 0, a, 0, a, 0, a and all 
the other elements 1, its value is 2(a — 1)°(a — 3). 


31. If D be a determinant of the (2n + 1)th order whose odd rows have an a 
where they intersect the diagonal and a b elsewhere and whose even rows have a 
b where they intersect the diagonal and an a elsewhere, then 


D = (— 1)"(a — b)**(nb — na + a). 
32. If the minor got by deleting the rth row and sth column of 


a 2b ec 
a 2b 
b 2¢ d 

b d 


be denoted by [rs], then [11] — [22] + 2[31] = 0 and there are other similar 
linear relations. 


33. In the dialytic eliminant of 


+ + dn = 0, 

box” + + + Dn 0, 
the array got by deleting the last row of a’s, the last row of b’s, and the last 
column is identical with the array got by deleting the first row of a’s, the first 
row of b’s, and the first column: and consequently the eliminant has pairs of 
identical secondary minors. 

34. If the minors got from either of the arrays specified in the preceding by 

deleting one column at a time be My, — Mi, M2, — Ms, ---, then the per- 
symmetric determinant of the M’s vanishes when n = m + 2. 


35. In the dialytic eliminant of 
aga” + + +a, = 0 
box” + 1+ --- +b, =0 
(written with an a row and a b row alternately), the deletion of the last two 


rows and last column gives an array whose primary minors are the elements of 
the adjugate of Bézout’s eliminant. 
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36. The bordered axisymmetric determinant 


1 1 1 1 

1 l+a 1l+e 
a+1 a a+b a+e 
b+1 b+a b b+e 
e+1 e+a e+) c 


is 1/8 of the determinant got from it by making the diagonal elements all zeros, 


37. If | PiQ2Rs| by be By Bo coe 
then 
Be Yz 
ay By Vy 


A, Wy { |asbyco| | }. 
Cz Cy R, R; 


38. C being the functional symbol of a circulant, the axisymmetric deter- 
minant 


’ 


39. In the circulant C(2, y, 2, w), 
eC , &C aC 
be 
40. If |° 
pend 


cth rows and ath, Sth, yth columns, then in the case of any 6-line circulant 
we have 


| stands for the minor whose elements belong to the ath, bth, 


123 
156 


123 
426 


123 
453 


135 
135 


162 
135 


> 


123 


+3] 


and there are six other 3-line minors that are connected in the same way. 


41. The circulant C(a, b, c) remains unaltered for all permutations of the 
variables: but C(a, b, c, d) only for certain permutations. 


42. C(a, b,c) Cy, b,c) C(z, b, 1 z #ii1 @ at 
C(a,c,a) Cly,c¢,a) Ciz,c,a)}= 3/1 y 5b 
C(x, a,b) Cy, a,b) C(z, a, b) 


and when 2, y, z = a, b, c, it has C(a, b, c) for a factor. 


19: 


to 


be 


an 


anc 


= 
ha 
| 
= 
| 
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43. If any n-line determinant having the sum of each row equal to S (for 
example, the circulant) be bordered with units, the resulting determinant is equal 


to — 5 times the original. 


44. | | | | | | | | 
| | | | | Abed; | | | 
| | | aycod, | | ayCods | | | 
| bicods | | bicod, | | biceds | | biceds | 
45. 
| | | biesd, | | bicod, | | biceds | 
| | | | | | | | | | | | | 
| | | U123W4 | | | | | 


| aibefsgs| | | 

| | bicogsha| | bicohsfs| 

| | | | | | 

47. If the last two-line minor of every element of the compound determinant 


| | | | | | | | | 


have zero-elements, the determinant is equal to 
| asbecrds | lerfogahs | 


48. If the n-line continuant —, x, 2," +++) 


I wt 
@ 


be denoted by D,, then 
Ds, = (Ds? — 2D? + D?)(D2 — 2D;? + D.*)(D.2 — 2D + 1)(D2 — 2)D, 


and the roots of the equation DZ — 2D;? ++ D.? = 0 are + \2 + 2 + 1/2. 
49. If the minor diagonals of a continuant be 


a, a2, 
Qn—1, °***, 
and the main diagonal be 


Gn, On tl, 


eee 
eee 


272 A SECOND BUDGET OF EXERCISES ON DETERMINANTS. (June, 


then the value of the continuant is 
*** *** dom + 2am: first (m — 1)-line minor}, when n = 2m, 


and 
2am *** Aom—1 X first (m — 1)-line minor, when n = 2m — 1. 


50. The Hessian of the 4-line circulant is 3-4‘ times the square of the circulant. 
51. The Hessian of the alternant |a%b'c*| is 2-3*|a°b'c?| -C(a, b, c). 
52. If X = a™y"2Pw2, Y = y™2 Z = W = show that 
a(X, Y, Z, W) XYZW 
O(a, y, 2, w) xyzw 


53. If A be the discriminant of ax + by? + cz? + 2fyz + 2gen + 2hay and 
A, B, --+ be the cofactors of a, b, --+ in A, then 


a(B, C, F,G,H)_ a(A, B, C, H) _ 


and consequently 


C(m, n, p, q). 


a(B, C, F, G, H) _ 


54. If a 3-line orthogonant be axisymmetric, the sum of the diagonal elements 
is either — 1 or 3. 


55. If any column of an orthogonant be replaced by a new column of arbi- 
trarily chosen elements, the determinant so formed contains as a factor the 
product of the said two columns. 


56. If |a:Bev3| be a positive unit orthogonant, then 


| = 
57. If |aibecs| and |a:Bey3| be positive unit orthogonants and 
+ a be + Be cs + ¥s| = 0, 
then the product of the orthogonants is axisymmetric: in other words 
ZaB = Lay = = ref. 


58. If |aibecs| and |a:fe73| be orthogonants whose basic numbers are s and 
o respectively, then the square of any row or column of their product is sc. 


59. |m a B B y|- la b cl|—22dfla m 
a+: de de de ae 


be 


he 


t 

a 

| 


id 
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60. If a zero-axial skew determinant have each of its elements augmented by 
x, it is unaltered in value when even-ordered; and, when odd-ordered, it reduces 
to a term in x whose coefficient is a zero-axial determinant of the next higher order. 


61. The 2r-line Pfaffian whose element in the (r, s)th place is a,a, is equal to 


203 A204 
A304 


62. If n of the frame-lines of a 2n-line Pfaffian intersect one another in zero 
elements, the Pfaffian is expressible as an n-line determinant. For example, 
when n = 4 and the lines which have zero crossings are the Ist, 3d, 5th, 7th, 
we have 


bs be bs de bs —bs C4 Ce 
—bs —ds & 
ds de dz dg —d, —fr Js 
° & 
fs 
9s 


63. Any zero-axial skew permanent of odd order vanishes. 


64. If the three-line determinants of the array 


1 1 vee 1 1 
a+b b+e ec+f fta 
ab be +++ ef fa 


be denoted by the numbers of their columns in the array, then 
125-346 = 452-613. 
65. The 4-line determinants of the array 


1 1 1 1 1 
a b c d e 
ece+d d+e eta a+b b+e 
eab abe bed cde dea 


have the common factor Lab(c? — e?). 


66. 
a2 1 —(a;+b2) | axbe| 
—A2 a\— Bo a2 1 be) | | 
by bo— ay 1 | 


_ 
| 
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67. The inverso-symmetric determinant 


fil g 


is expressible as a quasi-quadric in af, Be, 5, where 
a= da-— b, fb-—e, 
B= ea— ce, e = hb — j, 
yveu-j, [= 
68. If to B;, Be, Bs, «++ be given the values 
2b, 2b?+c, 2be+d, 2d+e— 


then the values of the recurrents 


Be Bi Be By 1 Bo Bi 1: 

Bs Be Bi Bs Bo Bi 1 

Bs Bs Bo Bi 


will be the same as those of the 6’s, save that b, c, d, e, «++ will be negative: 
in other words, the value of the rth recurrent can be got from that of 6, by chang- 
ing the signs of the letters involved. ; 


69. The sum of the positive terms of the determinant |11-22-33-44| is 
11-22-33-44 + D{11-(23-34-42 + 24-43-32)} + 2{(12-21)(34-43)} 
and there is a corresponding expression for the sum of the negative terms. 


70. The sum of the elements of the adjugate of the product of |azbecs|, 
|figehs|, |lvmers| is in bilinear form 


A, +BitCi Cy A; + C; 


Fy | M.+M; 
F, Gs Ni+ No+ Ns 
F; Gs Ri+ Rit Rs, 


where the capital letters are used in the usual way in connection with an adjugate. 
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THE TRIGONOMETRY OF CORRELATION.! 
By DUNHAM JACKSON, University of Minnesota. 


Let (x1, %2, +++, tn) and (y1, Ye, ***, Yn) be two sets of n real numbers each, 
neither set consisting entirely of zeros. Let 


V (Sar?) (Z yr?) 
the summation extending in each case from k = ltok=n. If 
Dr, = = 0, (2) 


the quantity r is the coefficient of correlation of the given sets of numbers.? Most 
of the work that is to be done here is entirely independent of the restriction (2), 
and it will be understood that that restriction is not imposed unless expressly 
mentioned. 

By way of geometric representation, it is customary to think of the 2’s and 
y’s as the coérdinates of n points (a1, y1), «++, (@n) Yn) ina plane; and this repre- 
sentation is very important for an understanding of the algebraic relations 
involved. Even more suggestive in some respects is a “ geometric representation” 
not by means of n points in space of two dimensions, but by means of two points 
in space of n dimensions, with codrdinates (a1, 22, tn) and (y1, Yo, Yn). 
It will perhaps best serve the purpose of the moment if the properties of n- 
dimensional space that are needed are accepted as given merely by analogy. 
There would be no prohibitive difficulty in filling out the analogies into real 
demonstrations. But when the facts have once been suggested, it is probably 
easiest to demonstrate them by straightforward algebraic processes. Algebraic 
proofs of most of the facts presented here will be found in the writer’s paper on 
the “Algebra of Correlation” in a recent number of the Montutiy® (1924, 
110-121). 

When n = 3, the sets of numbers (21, 22, #3) and (y1, ye, yz) can actually be 
represented by two points P and @ in space. If the origin of coérdinates is 
designated by OQ, one of the first things learned in solid analytic geometry is 
that the formula (1) gives the cosine of the angle between the lines OP and OQ. 
Of course the case of an n actually equal to 3 would be trivial for statistical 


1 Presented to the Minnesota Section of the Association, May 24, 1924. The same prin- 
ciples were set forth in a paper presented to the American Mathematical Society, under a differ- 
ent title, April 19,1924. For the underlying ideas, cf. the words of Karl Pearson quoted by Professor 
Huntington in this Monruty (1919, 422). See also James McMahon, Hyperspherical goniometry; 
and its application to correlation theory for n variables, Biometrika, vol. 15 (1923), pp. 173-208. 
The point of view adopted here, to be sure, is somewhat different from that of Professor Mc- 
Mahon’s paper. 

2 More generally, it is the coefficient of correlation of (41 + +2, +++, 22 and 
(Yi Y2 Yn + Y), if Z and are any two numbers; the original z’s and y’s are then 
the deviations of the new numbers from their respective means Z and j. 

* This paper will be cited by the letter A. 
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purposes; but it suggests more general relations which are by no means trivial. 
We shall say, by analogy or by definition, that the sets of numbers (21, 22, +++, 2p) 
and (y1, Y2, ***, Yn) are the codrdinates of two points P and Q, that the origin 0 
is the point with coédrdinates (0, 0, ---, 0), and that r, as defined by (1), is the 
cosine of the angle between the lines OP and OQ in n-dimensional space. The 
angle itself will be regarded as defined by the equation 


6 = cos r, 


and will be taken positive (or zero) and not greater than 180°. 

If this interpretation is to be acceptable, the first requirement is that the 
numerical value of r belong to the interval from — 1 to + 1. It is a fact of 
fundamental importance, readily proved by algebra,! that the number defined 
by the formula (1) always does satisfy this condition. 

A fact which is even more immediately recognized algebraically is that the 
value of r is not changed if the numbers (21, %2, «++, 2m) are replaced by (ca, 
CX2, +++, C&m), the multiplier c (> 0) being the same for all the numbers. The 
geometric interpretation also is immediate. The point P’ with the coédrdinates 
(cay, +++, CX) is a point on the line OP, its distance from the origin being such 
that OP’/OP = c. The angle POQ is then the same as the angle P’OQ, and the 
cosine of the angle—the value of r—is the same in both cases. A negative c 
would replace the angle by its supplement, and would reverse the sign of r. The 
y’s could of course be multiplied by a common factor in the same way. 

Let o and 7 be the standard deviations ? of the x’s and the y’s: 


o = = V(Sy2)/n. 
The distances OP and OQ are on and ryn respectively. Let 
8, = 2,/0, th = 


and let S and T be the points and (t:, tn), respectively situated on 
OP and OQ at the distance Vn from the origin. If x; and y; in (1) are replaced 
by os, and rt,, the formula becomes simply r = (Zsjt,)/n. Another expression 
which is sometimes useful comes at once* from an application of the law of 
cosines in the isosceles triangle SOT: 


ST? = 0S? + OT? — 208-OT cos 6; 
that is, 


X(s, — = n+ n— 2Qnr, r=1-— — t,)*. 


If 7’ is the point (— t, ---, — t,), the cosine of the angle SOT’ is — r, and the 


1 Cf. the paper A, p. 113. 

2 The name is applicable only when the conditions (2) are satisfied; otherwise the formulas 
are to be used on their own merits. 

3 The “proof” can of course be given in a variety of ways; this form, which is probably the 
simplest, was suggested to me by Professor R. W. Brink. For an algebraic demonstration, 
Gf. A, p. 117. 
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law of cosines in the triangle SOT” gives 
r= 
an 


One of the most important problems in the statistical treatment of the 
numbers (2;), (yx) is the determination of a multiplier \ in such a way that the 
expression 

(3) 
shall be a minimum. This A (when the equations (2) are fulfilled) is the slope 
of what is called a line of regression. The name applies to the two-dimensional 
representation, with which we are not concerned in this paper; but the inter- 
pretation in the n-dimensional figure is no less simple (and is independent of (2)). 
The point P’ with coérdinates (Ar1, Ave, «++, An), for arbitrary X, is an arbitrary 
point on the line OP. The distances OP, OP’, and OQ are ayn, \-OP = do yn, 
and rn respectively. The expression (3) is the square of the distance P’Q. 
The problem is then to determine \ so that this distance shall be a minimum. 
The minimum is of course attained when P’ is the foot of the perpendicular from 
Qon OP. This means that OP’ = 0Q cos 6 = rrvn, or, by substitution of the 
value given above for OP’, 


= rrvn, =:(7/e)r. 
The minimum value of (3) is 
P'?? = (0Q sin 6)? = nr? sin? 6 = nr?(1 — 1°). 


A similar calculation can be performed with the perpendicular from P on OQ, 
corresponding to the determination of the other line of regression in the two- 
dimensional diagram.! It is to be noticed that the figure to which the above 
discussion relates is itself merely a two-dimensional figure, though it has to be 
regarded as situated in n-dimensional space. 

The power of the method is still more forcibly illustrated in connection with 
the idea of partial correlation. Let (x1, (Yi, Yn) and (21, «++, Sn) 
be three sets of numbers, corresponding to three points P, Q, R. In dealing 
with the lines OP, OQ, OR, we shall be concerned with a three-dimensional 
figure, situated in n-dimensional space, to be sure, but intelligible without 
reference to its n-dimensional background. The coefficient of partial correlation 
between x and y, when z is the only other variable to be taken into account, is 
defined as follows. Let \ and yu be determined so that the sums D(a, — dAz,)?, 
2(yx — wzx)? are reduced to the smallest possible values. When X and yp are so 
defined, let 


= Ue = Ye — Mek. 


Then the coefficient of partial correlation? between the 2’s and the y’s is the 


1 For the algebraic reasoning, cf. A, p. 119. 
* The established use of the term involves the hypothesis that- =z, = Sy; = Uz, = 0, but 
the substance of the discussion, apart from the name, is independent of this restriction. In 
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ordinary coefficient of correlation between the u’s and the v’s, 


V (Duy?) (D042) 


For practical calculation, it is important to know that r’ can be expressed! in 
terms of the ordinary coefficients of correlation between the 2’s, the y’s, and the 
z’s, without explicit evaluation of the u’s and v’s. It is for the form of this 
expression that a geometric suggestion is to be sought. 
The points P’ and Q’, with the codrdinates (Az, Az2, +++, AZn), (uz1, M22, 
MZn), are the feet of the perpendic- 
ulars from P and Q on OR (see 
figure). The numbers uz and 
are the components of the vectors 
P’P and Q’Q, or, if OP” and 0Q” 
are drawn from O equal and paral- 
lel to P’P and Q’Q respectively, 
the w’s and the v’s are the codrdi- 
nates of the points P” and Q”. 
Then r’ is the cosine of the angle 
y = P”0Q", which measures the 
dihedral angle between the planes 
POR and QOR. 
Let the angles QOR, POR, and 
POQ be denoted now by 4, b, and 
c, and their cosines by 123, 713, and 
ri2, SO that ry is the number given 
by the formula (1), while 1:3 and 
are the corresponding coeffici- 
Q ents formed for the 2’s and 2’s 
and for the y’s and 2’s respectively. 
Let a sphere be constructed with its center at 0. Let the lines OP, 0Q, 
and OR pierce the sphere at the points A, B, and C, the traces of the 
planes QOR, POR and POQ forming the sides of a spherical triangle ABC. 
The angular measures of these sides are a, b, and c, while the dihedral 
angle y is the angle ACB of the spherical triangle. By the law of cosines 
in spherical trigonometry, 


cos = cosacosb-+ sina sin b cos y, 


cos ¢ — cos a cos b. 
sin a sin b ‘ 


cos Y = 


order that the formula may have a meaning, the special case that the u’s or the v’s are all zero 
has to be ruled out; that is, it must be assumed that neither the x’s nor the y’s are proportional 
to the z’s. 

1 For an algebraic proof, cf. A, p. 120. 
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that is, 


— 113123 


= 4 
V(1 r3°) (1 = 123°) 


which is the desired formula. 

A relation of inequality is suggested by the fact that a side of a spherical 
triangle can not be greater than the sum of the other two sides. In the triangle 
under consideration, c = a + b, whence, ifa +b =r, 


cos c = cos (a+ b) = cos a cos b — sina sin b, (5) 
that is, 


= — V(1 — 113")(1 — 123"). (6) 


The equality holds, of course, only if the triangle degenerates so that A, B, and 
C are all on the same great circle; in other words, if the four points O, A, B, C 
lie in one (two-dimensional) plane. If a-+ b > 7, (5) is obtained from the fact 
that a+ 6+ ¢ S 27, so that 


es 2r-—a-—b, cos c = cos (27 — a — b) = cos (a+ BD). 


Two other relations similar to (6) are obtained by permuting the r’s. Alge- 
braically, (6) is an immediate consequence of (4), since r’ = — 1. The relation 


rie S + V(1 — ris?)(1 — 1232), (7) 


deduced from the fact that r’ = + 1, says merely that c = |a — b|, and adds 
nothing geometrically to what has already been observed. All six relations, the 
three like (6) and the three like (7), can be inferred from the single symmetrical 
form 


rye? + ris? + — 2rierisres S 1, (8) 


which is equivalent to (6) and (7) taken together.!. The reader whose experience 
in mathematical analysis has gone beyond the elementary stages will notice 
that (8), after a slight amount of formal rearrangement, reduces to a statement 
that a certain three-rowed Gramian determinant is positive or zero. 

By way of more detailed notation, let the number defined by the formula (4) 
be denoted by ris’, and the other two expressions which result from permutation 
of the r’s on the right, the cosines of the other angles a and 8 of the spherical 
triangle, by 123’ and r3’.. From the law of cosines in the polar triangle of ABC, 


cos y = — cosacos 8+ sin asin 8 cose, 
r 
N12 = cos Cc => 
fe / 
— ris”) (1 — 
with symmetric expressions for 7:3 and r23. Analogous to (8) is the relation ? 


72 72 , 
tie +fis + tes + 23 = 1. 


1Cf. Yule, Introduction to the theory of statistics, p. 250. 
2 Cf. Yule, op. cit., pp. 249-250. The formula (9) and the analogous formulas for r;; and 
23 were not mentioned in the paper A. They may be verified directly by substituting the ex- 
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In conclusion, a remark may be made with regard to the equations (2), 
which have been left out of account throughout most of the paper. Geometrically 
they mean of course that the points P and Q are restricted to a certain (n — 1)- 
dimensional hyperplane. It has been insisted already that this restriction bears 
only on the use of the term coefficient of correlation, and is irrelevant to the sub- 
stance of the work. Let (X;, Xo, «++, X,) be any set of n real numbers, not all 
equal to each other, and let (Y1, Yo, «++, Yn) be any other set, similarly unspe- 
cialized. The arithmetical mean ~ of the X’s may be defined as the number 
which makes the expression 2(X;, — #)* a minimum, and the mean @ of the Y’s 
may be similarly defined.’ If x, and y, stand for the numbers X; — # and 
Y; — g, the equations (2) are satisfied. The notation in an earlier paragraph 
leading to the definition of the coefficient of partial correlation reduces to the 
definition of the ordinary coefficient of correlation, if (21, x2, «++, 2) are replaced 
by Xo, Xn); (y1, Yn) by (Yi, Y.), (21, Zn) by 
(1,1, ---, 1), and by and g, uw, and by and and r’ by r. 


A THEOREM IN THERMODYNAMICS. 
By J. E. TREVOR, Cornell University. 


1. Introduction. With the aid of the fundamental principles of thermo- 
dynamics it is found that the quantity of heat absorbed by any body in any 
reversible change of its thermodynamic state is equal to the integral of an expres- 
sion 6dS, where S is a single-valued function of the independent variables that 
determine the states of thermodynamic equilibrium of the body, @ is a single- 
valued function of the temperature alone, and the line integral is taken over the 
path of the change of state. The difficulty that many students more or less 
unconsciously find in seeking to comprehend the establishment and content of 
this formulation is largely obviated when the mathematical reasoning employed 
in its deduction is clearly stated. For this reason I hope that the following 
study of a troublesome stage of the argument may have some interest. 

Assuming that the ideas of a reversible path and a Carnot cycle are familiar, 
I propose that any succession of Carnot cycles advancing through progressive 
temperature intervals, whereby the quantity of heat absorbed in the operation 
of each cycle after the first is equal to that developed at the same temperature 
in the immediately preceding cycle, shall be termed a “sequence.” The term 
“any sequence” shall be understood to include any sequence having but one term, 
i.e., any Carnot cycle; and the work and heat absorbed or developed by the 
working body or bodies in the operation of a sequence shall be termed the work 
and heat absorbed or developed “by the sequence.” The uniform temperature 


pression (4) and the corresponding expressions for 113’ and r23’ in the right-hand members. It 
will be found that the relation (8), with the fact that the r’s do not exceed 1 numerically, eliminates 
any ambiguity with regard to the square roots. 

1Cf. A, p. 118. 
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tof the working body shall be understood with reference to an arbitrarily selected 
temperature scale. It may then be asserted that the principles of thermo- 
dynamics lead without difficulty to a set of statements that may be postulated 
in the following form. 


2. The Data. The symbols W(q, t:, t2) and W(q, te, t:) shall denote the 
work absorbed by a sequence absorbing the heat q at the temperature ¢,, respec- 
tively at the temperature ¢., and operating between the temperatures ¢; and fe, 
irrespective of whether ¢ is greater than, equal to, or less than 4). 

If Q; is the (positive, zero, or negative) heat absorbed at the temperature ¢, 
by any sequence operating between the temperatures ¢; and ft, where t), t2 are 
any two values of the temperature ¢ subject to the condition ¢; > ¢,, the work 
absorbed by the sequence is a single-valued continuous function of the inde- 
pendent real variables Qu, t1, te, 


W(Q1, ti, te) = te) -Qi (t2 > ti), (I) 


where the single-valued continuous function W(1, ¢,, t2) is positive. Further, 
the (positive, zero, or negative) heat Q2 developed by the sequence at the tem- 
perature ft, is equal to the sum of the quantities W(Qi, ti, f2) and Q,, 


= th, te) (te ty). (IT) 
If t, is an arbitrary constant value of the independent real variable ¢, we have 
lim W(1, t, t-) = 0 (t < t,); (IIT) 

t—>t, 


and we have that W satisfies the functional relation 


1 


W(1, tr, = — 
W(1, t, + 1 


(IV) 


for all values of ft. 


3. The Problem. In pursuing the development of the theory, under the 
guidance of a simple and obvious analogy, we are led to proceed as follows. Let 
t, be an arbitrary constant value of ¢ such that ¢, > t,, and let & be an arbitrary 
positive integer. Then, if Q, is the heat absorbed at t, by any sequence of k 
equal-work cycles operating between ¢, and ¢,, the work kw absorbed by the 
sequence is, by (1), 


kw = Wi, ts) (V) 


Further, in any sequence operating between ¢, and the general temperature ¢ 
and absorbing the heat Q, at t,, let Q be the heat developed at ¢. Hereupon, 
by use of the foregoing data, we seek to establish that the quantity w defined by 
(V) is a single-valued continuous function w(Q, t) of the variables Q, ¢ considered 
as independent; and we seek to establish that the quantity @ defined by ! 


6-w=Q (VD 


1 It appears eventually that (VI) does not define 6 for Q = 0, but that @ may be defined for 
this case by the limit of the ratio Q/w as Q approaches zero. 
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is a positive single-valued continuous function of the single variable ¢. The 
solution of this purely mathematical problem is as follows. 


4. The Solution. If any sequence operating between the arbitrary constant 
temperature ¢, and the general temperature ¢ absorbs the heat Q, at t, and develops 
the heat Q at t, the equation (I) asserts that the work absorbed by the sequence is 


W(Q,, t,, t) = Wil, t,, t) (¢> tr), 
W(- Q, t, tr) = Wl, t, tr) (— Q) (t tr), 


where the factor W in each second member is positive, single-valued, and con- 
tinuous. Let us investigate the function W(1, t,, ¢) for all values of ¢. For 
t < t, we know that W(1, t, t,) is positive, single-valued, and continuous; and 
hence by (IV) that W(1, #,, t) is negative, single-valued, and continuous; and 
that W(1, t,, t) +1> 0. It follows that, for t < t,, the value of W(I, t,, t) 
lies between 0 and — 1. Fort > t,, as t approaches ¢,, the limit of W(1, #,, t) 


if is found by (IV) from 
[W(1, + 1P = 1 (¢ = ¢,). 
‘| Hence the limit is 0 or — 2, and hence is zero since the continuous W(1, t,, #) 
i is positive fort >t,. For ¢ < t,, as ¢ approaches ¢,, the limit of W(1, t,, t) is 
found by (IV) and (III) to be zero. These results establish that the function 
f W(1, t,, t) is single-valued and continuous for all values of t; that it is positive 
' for t > t,, zero for ¢ = ¢,, and negative for t < t,; and that its negative values lie 
between 0 and — 1. 
i Now let us consider the relation between the quantities Q, and Q. By (II) 
H we have 
Q = [W(1, t,, t) + (t> (1) 
— = (2) 
By (IV), the equation (2) may be written 
(¢< +t). (2a) 


For ¢ > t,, and for t < t,, we thus have that Q, is single-valued and continuous 
in Q, t. And from both (1) and (2a) we find - 


lim Q, = lim {Q-[W(1, t,, 2) + 1]7} = Q. 
t—>t, t—>t, 
If we now define Q, at t = t, by its limit, we have that 


Q 

= 3 

for all values of ¢. Since the denominator of the fraction is positive, single-valued, 

and continuous, this function Q,(Q, ¢) is single-valued and continuous in the 
variables Q, ¢ considered as independent. 

On substituting the function Q,(Q, t) for Q, in the equation (V) defining w, 


i 
4 
| 
| 
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and writing W,, for the positive constant W(1, t,, ¢,), we obtain 


whence it appears that w is a single-valued continuous function of the inde- 
pendent variables Q, ¢. Solving (4) for Q/w, 


@ fs 
By (4), when Q = 0 we have w = 0, and the ratio Q/w becomes indeterminate. 
Let us, then, define the ratio Q/w for Q = 0 by the second member of (5), which 
is the limit of this ratio as Q approaches zero. The ratio is now a positive con- 
tinuous function of ¢ alone. On substituting it in the equation (VI) defining 8, 
we find 
k 
Wes 


Here k and W,, are positive constants, and the bracket is positive, single-valued, 
and continuous. So @ isa positive single-valued continuous function of the single 
variable ¢.. This result, and the conclusion expressed by (4), are the theorems 
it was sought to establish. 


6= t,, t) + 1). 


5. Continuation. The states of any continuous region of states of thermo- 
dynamic equilibrium of a given body are determined by certain independent 
variables. The heat absorbed by the body on any path of change of state within 
the region is expressed by the corresponding line integral of a linear differential 
form in these variables. In the further development of the theory the results 
just obtained are employed to show that the function 1/@(¢) is an integrating 
factor of this differential form, and indeed that it is the only integrating factor 
that is a function of the variable ¢ alone. This establishes the formulation cited 
at the beginning of this paper. 


ON THE SOLUTION OF ALGEBRAIC EQUATIONS WITH RATIONAL 
COEFFICIENTS. 


By GLENN JAMES, Southern Branch, University of California. 


Since algebraic polynomials with rational coefficients may contain real factors 
of degree higher than the first when they do not contain real linear factors, it is 
sometimes desirable to remove roots from equations in sets rather than singly. 
This can be done by means of a generalization of the ordinary factor theorem. 

Attacking the sclution of equations from this viewpoint, this article makes 
the solution of an equation depend upon finding roots of auxiliary equations each 
of which has at least one real root. And these auxiliary equations may have 
rational roots when the original equations do not. 
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1. Theorem: Jf R(x) be the remainder obtained by dividing F(x) by f(x) and 
af all the roots of f(x) = 0 are among the roots of F(x) = 0, then R(x) is identically 
zero. 

Proof: Denote the integral part of F(x)/f(x) by Q(x). Then 


F(x) = Q(x) X f(x) + 


whence R(x) = 0 for all values of x for which f(x) and F(x) both vanish. But 
R(x) is of lower degree than f(x), therefore R(x) = 0. 


2. On the Solution of Cubic Equations. If the cubic polynomial 2* + a,2? 
+ aya + as be divided by 2? + b,x + be, the quotient and remainder are, respec- 
tively, 


x+ (a, — (1) 
and 
[a2 —b— (a, = + a3 — (a, bi)be. (2) 
Now if the roots of 
bh, = 0 (3) 
are roots of 
x? + + + az = 0, (4) 
the above theorem states that 
a2 — be — (a; = bi)by = 0 (5) 
and 
a3 — (a; — bi)be = 0. (6) 
The elimination of b. between these two equations gives 
b> — 2a,b,2 + + — + az = 0. (7) 


This auxiliary equation in b,; has a rational root whenever the original cubic 
does. Moreover, when its real root, or an approximation to it, has been found, 
one can write out the roots of the original cubic by means of (1), (2), (3), and (5). 
They are 


by + V (4a, 3b,)b, 
9 


— a, and 


If the coefficient of the second degree term in (4) were zero, the reduced cubic 
and its auxiliary equation would be identical and the roots of the reduced cubic 
would be 


b, and 9 
3. On the Solution of Quartic Equations. If the quartic polynomial 
at + + asx + ay (8) 


be divided by 2? + bia + be, the quotient and remainder are, respectively, 
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The elimination of b, between the two equations 


a3 ote = = (9) 
and 
a4 — + bo? — = (10) 
gives 
by® + 2ab;4 + (a2? — 4a,)b;? — a;? = 0. (11) 


Solving this equation for b,’, that is for b; and — b;, and determining the 
corresponding values of b, from (9) gives two quadratic factors of (8), whence the 
roots of the quartic equation 


xt + aor? ++ asa + ay = 0 (12) 
are 
2a3 | 
by + ani by + b; alg 


bo 


2 


provided b; #0. However, if this proviso does not hold, a3 = 0 by (9), and (12) 
is quadratic in 2”. 

The discriminants of equation (12) can be evaluated, without making the 
detailed substitutions, by a method that will be taken up in the next article. 


4. The Evaluation of the Discriminant of a Quadratic Factor. If x? + a,x 
+ az be divided by x + b,, the quotient and remainder are, respectively, 


a+ (a; — (13) 
az — (a; — by)hy. (14) 


and 


Since the condition that the sum of the roots of 
aww + a, = 0 (15) 


be zero is a; = 0, if we reduce the roots of (15) by — a,/2, the roots of the reduced 
equation will be + V— Ry, where R; is the first remainder obtained in the reduc- 
tion process. The roots of (15) are then — a;/2 + V— Rj. 

In the case of the cubic, the condition for a pair of roots whose sum is zero 
is found by placing 6; equal to zero in equations (5) and (6) of Art. 2 and eliminat- 
ing be. The result is 


a3 — = 0. (16) 


Also from (5) be = a2, when b; = 0. Hence if the cubic (4) has a pair of 
roots whose sum is zero, they are + V— ay. 

If condition (16) be not satisfied, we can solve for 5; as in Art. 2, then proceed 
to reduce the roots of (4) by — 5;/2 until we have reached the second remainder. 


1 Descartes’ method of obtaining this auxiliary equation involves the determination of three 
parameters. See Dickson’s Elementary Theory of Equations, p. 42. 
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Call this remainder R2. The roots of the original equation are then 
2 


where b; and a; refer to the original cubic. 
If the quartic polynomial 


aV¥— and b; Gh, 


xt + aya? + aga? + asa + a4 (17) 
be divided by 
x biz ote be (18) 
and the coefficients of the remainder equated to zero, there results 
(a, bi)be [a2 be (a, by)by]by = 0 (19) 
and 
[a2 be (ay bi)by]be = 0. (20) 


Substituting b; = 0 in (19) and (20) and eliminating b. between the two resulting 
equations gives 


— a3” = VU. (21) 
If this condition be not satisfied, we reduce the roots of 
+ aya? + aor? + aga + ay = (22) 


by — b,/2 and find two of the roots of (22) to be — (b,/2) + V— R2/Rs, where 
R, and R, are the second and fourth remainders obtained in the process of 
reducing the roots of the quartic by — b,/2. 


5. On the Solution of an Equation of the nth Degree. The division of the 
polynomial 


+ + + ---+a,=0 (23) 
by 
x? + bie + be (24) 
gives a remainder 
A,x + B, (25) 
[see (2) Art. 2 for Asx + Bs], where A, and B, are defined as follows: 
A; = a, — bi, An = Bar — An—ibi, n> 2. (26) 
By = be, Be = A,—1b2, “> (27) 
Equating to zero the coefficients in (25) gives 
and 
B, = 0. (29) 


Eliminating b. between (28) and (29) gives an auxiliary equation in b; which 
always has at least one real root. The degree of this equation will be ,C2, although 
the effective degree may be lower as in the case of the quartic equation. 
Having approximated a value of b;, we evaluate the discriminant of the corre- 
sponding quadratic factor by a method similar to that of Art. 4. Substituting 


~*~ TT 


i 
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zero for b,; in (28), we get 


— + ... + (— 1) ,= 0, meven, (30) 
or 
by — 4. 4 (— = 0, nodd. (31) 


If the original equation has a pair of roots whose sum is zero, those roots are 
+ V— be, where bz is among?! the roots of (30) or (31), whichever applies. 
Otherwise we reduce the roots of the original equation by — 6,/2 and write the 
corresponding equation of the form of (30) or (31). If be be a properly chosen 
root of the latter, two of the roots of the original equation are 


— (b;/2) + V— bs. 


In conclusion it is of interest to note that the nature of the roots of (23) 
can be studied by means of a discriminant equation obtained by eliminating b; 
and b. between (28), (29) and the equation 


— = K, (32) 


where b;? — 4b is the discriminant of (24). The original equation has a pair of 
equal roots, a pair of complex roots or n real roots, respectively, according as 
this discriminant equation in K has a zero root, a negative or complex root, or 
nC2 positive roots. 


A NEW METHOD FOR THE DETERMINATION OF THE GROUP OF 
ISOMORPHISMS OF THE SYMMETRIC GROUP 
OF DEGREE N. 


By H. A. BENDER, University of Illinois. 


Our leading text books on group theory which determine the group of iso- 
morphisms of the symmetric group of degree n make use of the following two 
theorems. First, the symmetric group of degree n (n ¥ 6) contains n and only 
n subgroups of order (n — 1)! forming a single conjugate set. The symmetric 
group of degree 6 contains 12 subgroups of order 5!, which are simply isomorphic 
with one another and form two sets of conjugates of 6 each. Second, if @ is a 
transitive substitution group of degree n and index n, then the group of isomor- 
phisms of G can be represented as a transitive substitution group of degree n 
which contains G as an invariant subgroup. 

In this article we shall study the group of isomorphisms of the symmetric 
group of degree n from the standpoint of independent generators of the symmetric 
group.” 

It is known that the symmetric group G of degree n can be generated by a 
cyclic substitution s of degree n — 1 and a transposition ¢ which connects any 


1 Not all the roots need be valid, since when taken with b; = 0 they may not satisfy (29). 
They can, of course, be tested by substitution in this equation with b; = 0 or in the original 
equation (23). 

20, Hilder, Mathematische Annalen, vol. 46 (1895), p. 345. 


= 
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one of the n — 1 letters in s with the remaining letter.1_ The cyclic substitution 


s can be selected in 


i different ways, and for each cyclic substitution s the 


transposition ¢ can be selected in n — 1 different ways, hence the symmetric 
group of degree n can be generated in n! different ways. Thus it follows that the 
symmetric group G can be made isomorphic with itself in n! different ways such 
that all these isomorphisms are inner isomorphisms.? Moreover, these iso- 
morphisms constitute the group of inner isomorphisms. 

Since the central of a symmetric group is the identity, it follows that the 
group of inner isomorphisms is simply isomorphic with this symmetric group. 
If this is not the group of isomorphisms, it is an invariant subgroup of the group 
of isomorphisms and the remaining isomorphisms are outer, or contragredient, 
isomorphisms. 

We shall now consider the possibility of automorphisms of G in which ¢ 
corresponds to substitutions of order 2 which are composed of transpositions. 
It is evident that the number of conjugates under G of such substitutions must 
be equal to the number of transpositions in G. 

If we equate and simplify the number of transpositions in G to the number of 
substitutions of order two and degree four, six and 2r respectively, we have 


(n — 2)(n — 3) = 2-2], (n — 2)(n — 3)(n — 4)(n — 5) = 2?-3}, 
(n — 2)(n — 3) (n — 2r +1) = 2771 - 


The first equation is not satisfied for real values of n. The second equation is 
satisfied for n = 6 and for no other integral value of n. In general, suppose 
n = 2r, then the third equation reduces to 


(2r — 2)(2r — 3) --- (r +1) = 277, 
and for r > 3, 
(2r — 2)(2r — 3) (r +1) > (r > 274. 


Thus we have shown that in all possible automorphisms of the symmetric 
group of degree n (n ¥ 6) transpositions must correspond to transpositions. 

We shall next consider the possibility of an automorphism of G (n # 6) in 
which the cyclic substitution s corresponds to a non-cyclic substitution s; of 
ordern—1. Itisevident that s; can not be of degree lessthann. If the substitu- 
tion s; is of degree n, then the product of this substitution and a transposition will 
unite two of the cycles of s; into one cycle or decompose one of its cycles into 
two cycles according as the letters of the transposition appear in two cycles or 
in the same cycle respectively. Thus we have shown that outer isomorphisms 
of the symmetric group are possible only in the case n = 6. 

It is evident that in the case n = 6 the substitution s of order 5 must corre- 
spond to cyclic substitutions of order 5 in every automorphism of G. 

We shall now consider some of the conditions necessary for a cyclic substitu- 


1Cf. R. D. Carmichael, Quarterly Journal, vol. 49 (1922), p. 226. 
2 This may also be shown by using other sets of independent generators. 
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tion s of degree 5 and a substitution ¢, of order 2 and degree 6 to generate the 
symmetric group of degree 6. 

The product of s and ¢, will omit two letters if the two substitutions contain 
two pairs of adjacent letters, and hence will not be of order 6. That is, the 


product 
abede-ab-cd-ef = bdfe 


will omit aandc. Likewise, t; and the powers of s can not have a pair of adjacent 
letters in common. Hence, for a given s the substitution ¢; can be selected in but 
five ways. For abcde the five substitutions are 


ab-ce-df, ac: bf -de, ad -be-ef, ae-bd-cf, af -be-ed. 


That s and ¢, so defined will generate the symmetric group of degree 6 is shown 
in the Quarterly Journal, vol. 49 (1922), p. 235. 

Thus we have shown that the group of isomorphisms I of the symmetric group 
of degree n (n ~ 6) is the group of inner isomorphisms and is the symmetric group 


6! 
of this degree. For n = 6 the order of the group of isomorphisms is = (5 + 5), 


or twice the order of the symmetric group of degree six, and exactly one half of the 
isomorphisms are outer isomorphisms. 

It can be shown that the group of isomorphisms of the symmetric group G 
of degree n (n ¥ 6) can be generated by the two isomorphisms S and 7 satisfying 
the following conditions: 


= s, = T*eT = =t 


For n = 6 let us consider the automorphisms of G in which ¢ corresponds to ¢j. 
Since all the substitutions of the same type as ¢ or ¢; are conjugate under G, it 
follows that ¢; in turn must correspond to a substitution which is one of the 
conjugates of ¢ under G. This being true for the remaining sets of conjugate 
substitutions, it follows that the square of any outer isomorphism, as well as 
the product of any two outer isomorphisms, is an inner isomorphism. 

Furthermore, the square of any outer isomorphism 7’; which leaves s invariant 
is an inner isomorphism which may be obtained by transforming G by s or by a 
power of s. Since s is in the alternating group of G and all the isomorphisms 
brought about by transforming @ by the operators of the alternating group form 
a subgroup in the J of G simply isomorphic with the alternating group, it follows 
that the square of 7’; is in the subgroup simply isomorphic with the alternating 
group. Since the commutators of an inner and an outer isomorphism are in the 
subgroup simply isomorphic with the alternating group, it follows that the square 
of every outer isomorphism is in the subgroup simply isomorphic with the 
alternating group, and hence this subgroup and one half of the outer isomorphisms 
constitute an invariant subgroup in the J of G. Thus the group of isomorphisms 
of the symmetric group of degree 6 contains 3 invariant subgroups of order 6!, each 
having the common subgroup of order 360. 
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QUESTIONS AND DISCUSSIONS. 


Epitep sy C. F. Gummer, Queen’s University, Kingston, Ont., Canada. 


The department of Questions and Discussions in the MONTHLY is open to all forms of 
activity in collegiate mathematics, including the teaching of mathematics, except for specific 
problems (especially new problems) which are reserved for the separate department of Problems 
and Solutions. 

DISCUSSIONS. 


I. AN ELEMENTARY SOLUTION OF A PROBLEM OF DIOPHANTUS. 
By H. E. J. Curzon, Goldsmith’s College, London, England. 
[Extract from a letter to Professor R. D. Carmichael. ] 


It is required to find three rational numbers such that the product of any pair of 
those numbers plus or minus the sum of the three numbers shall, in each of the siz 
cases, be the square of a rational number 

Let the required numbers be a, b, c. Then the problem will be solved if 
there can be found a rational solution of the four equations 


a+b+c= — 2zyz; (1) 
be = + 2°; ca = 272? + ab = xy? + 27. (2) 
If equations (2) are to hold good, then 
be —a) = ete. (8), 
If it be now assumed that a, b, c have the forms 
then it follows that 
c—a= — (y—1)@—2); 
a—b= — 9); 


and therefore equations (3) are satisfied by the values of a, b, c assumed in (4). 
In order to find the conditions that equations (4) shall be consistent with 
equations (1) and (2), the values of a, b, c in terms of 2, y, z as given in (4) must 
be substituted in (1) and (2). 
Let 
yz + za + = q, =r. 


Then, substituting in (1), 
— 2q— 2p = — 2r, 4.€., pt+q=r. (5) 
Substituting in the first equation of set (2), 


{yz + (y+ 2) + 1} {yz+ + 2) + 27} = + 2?; 


1 Heath, Sir T. L., Diophantus of Alexandria, 2d edition, 1910, 16, p. 164. 
Tannery, Diophantus Alexandrinus, 1893. 
Carmichael, Diophantine Analysis, 1915, 5, p. 112. 
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that is, 


+ ty tz) + 2) 


+ (yz + 2x + zy) + 2? = + 2’. 
That is, 


rp + pg—rt+q=0. (6) 
Eliminating r from (5) and (6), 
p(p + 2q— 1) = 0. 
Hence equations (4) are consistent with (1) and (2) if p = Oandg=r!! 
The problem is thus reduced to finding a solution of the cubic equation 
&+rt—r=0, (7) 
in which, for a certain selected value of r, all three values of ¢ shall be rational. 
Assume that X is one rational root of (7). Then r = \%/(1 — A) and (7) 
must have the form 
— B= E— — AC — = 0 
Now the roots of 
(8) 
are rational if (AX — 1)(A + 8) is the square of a rational quantity, and this is 
the case if \ has the form [(m? + mn + n?)/(mn + n?)]. The roots of equation 
(8) are then 
— ») 2 


Hence 2, y, z may be given the forms 


~ 


m2 + mn + n? m2 + mn + n? _ m+ mn+ nr? 
n(m+n) ’ mm+n) ’ mn 
Whence a, b, c take the forms below, on using (4): 
(m+ n)? + n? 


2+ (m+n)? 


me ne (m? + mn + n?). 


The solution may then be Pe symmetrically: 


Let l, m, n be three integers whose sum is zero. Then all sets of three numbers 
having the form 


P P 
et mtn), mtn, m+ nd, 
satisfy the required conditions. 
l= 1,m=2,n = — 3 gives the set 91/36, 70/9, 35/4. 


1If the alternative p + 2q¢ = 1 is followed, then the cubic that arises is such that all its 
roots cannot be rational. 
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The solution that is arrived at by following the geometrical methods of 
Diophantus may be expressed as follows: Find integers ),, c1; be, c2; b3,.cs such 
that bic; = bec, = bsc3, while (b? + c?) is in each case a complete square. 

Let 

(bo? + (bs? + + (bs? + 3") (bx? + 12) + + 01?) (bo? + = K. 
Then the set 

K K K 
+ (by? + ’ 2bsc3(b3? + 
is a solution, as can easily be verified by elementary algebra.! One set of in- 
tegers for the b’s and c’s are 40, 42; 24,70; 15,112. Inthiscase K = 131299224 
and the set 


781543 781543 781543 


67280’ 109520’ 255380" 
will be found to satisfy the initial requirements of the problem. 
The solutions obtained by the analytic and the geometric method respectively 
have no apparent connexion. 
II. A Note oN CHECKING A SOLUTION OF A TRIANGLE. 


By E. J. Movutron, Northwestern University. 


Suppose we are solving an oblique plane triangle, given two sides and the 
included angle, a, b, C. We may use the formulas 


(A + B)/2 = (180° — C)/2; (1) 


tan (A — B)/2 = aa tan (A + B)/2; (2) 
A = (A+ B)/2+ (A — B)/2; B= (A+ B)/2— (A— B)/2; 
c = asin C/sin A; (4) 


and check with the formula 
ce = bsin C/sin B. (5) 

Suppose that an error is made in using (1), and no other error is made. Will 
the check formula (5) enable us to detect the error? It may be a little surprising 
at first that it does not. A proof follows: 

The value obtained from (1) for (A + B)/2 through the error would have 
been the correct value for an angle C, instead of C. If we were to solve the tri- 
angle, given a, b, C, we would obtain the values of A and B actually found through 
the error. The third side c; would satisfy both equations 


= asin (,/sin = sin C;/sin B. (6) 
Hence for the determined values of A and B, which were in error, 


a/sin A = b/sin B. (7) 


1Tannery, Diophantus Alexandrinus, 1893. 
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It is now seen that the (incorrect) values of c found from (4) and (5) will be equal, 
and consequently formula (5) does not serve to detect errors in the use of (1).! 
Moral. Insert between formulas (3) and (4) the check formula 


A+ B+C = 180°. (3') 


Ill. On THE TREATMENT OF Maxima AND MINIMA IN CatcuLus Texts. 
By A. A. Bennett, University of Texas. 


It is frequently, perhaps usually, difficult to distinguish in mathematics 
between a treatment codrdinated with respect to the subject matter and one 
whose thread of unity is supplied by the method used, since method and material 
so often coincide in mathematics. There are to be sure certain striking instances 
to the contrary that come to mind. In the discussion of ruler and compass 
constructions, where the algebraic character of the solution is to be emphasized, 
one comes across the concept of the transcendental number, 7. In the integra- 
tion of rational expressions one meets with the elementary algebraic discussion 
of partial fractions, usually omitted from the freshman course. In the study of 
the monodromic group of a linear differential equation, the classification of square 
matrices bobs up. 

While one encounters the subject of maxima and minima in a text on calculus, 
one might inquire whether the topic has been introduced as affording scope for 
the application of the general theory under study, or whether on the other hand 
this is a field of interest on its own account, and related to the rest of the topics 
treated by a tenuous similarity of method. An author is surely justified in in- 
sisting upon discussing examples only in so far as these may adequately illustrate 
some feature of the principal topic under consideration. Thus a book on ana- 
lytical geometry may rightly sidestep all discussion of oblique asymptotes, tangents, 
radius of curvature and other topics, if the author sees proper, merely because 
the simplest approach to these topics involves more advanced notions, although 
these questions naturally arise in connection with the simpler properties of the 
loci discussed. But does an author have the privilege of apparently dismissing 
a subject as though the final word had been said, when some of the most obvious 
examples cannot be treated by the methods explained? Has not the student a 
right to demand that the limitations of method be at least suggested? 

Nearly every text on differential calculus gives the impression of treating 
elementary problems on maxima and minima completely. Of course the ob- 
vious query as to the effect that a change in the choice of the independent variable 
might have upon the vanishing of the first derivative and upon the problem as a 
whole is left alone, while most of the problems are such that several convenient 
arguments are available. How algebraic functions with more than one degree 


1A similar situation arises in spherical trigonometry. If a, b, and C are given, and A, B, 
and ¢ are found from the formulas tan (A + B)/2 = cos (a — b)/2 - sec (a + b)/2 + cot C/2, 
tan (A — B)/2 = sin (a — b)/2 - cosec (a + b)/2 + cot C/2, sin c = sinC sin a/sin A, the check 
sinc = sin C sin b/sin B will fail to reveal an error in reading log cot C/2. 

Epiror. 
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of freedom are to be handled is a question never answered and wisely never 
raised. ‘The distinction between problems of the sort considered in the calculus 
of variations and those to be handled by elementary calculus directly is never 
pointed out. Should the ambitious student later take up this more advanced 
topic, he would be informed that certain methods available in the finite case are 
there also applied, but, of course, he would never have heard of these methods in 
the calculus class. But these are all minor points. The fact that many problems 
are accompanied by tacit inequalities seems to be usually ignored. An actual 
problem may be one for which the interval of significance is restricted while the 
algebraic equation employed in formulating the problem cannot take account of 
these bounds directly. Additional inequalities are needed and may entirely 
alter the character of the solution. For example, the maximum or minimum may 
occur at the end of some interval which might be regarded as an interval of def- 
inition so far as the particular problem is concerned. The derivative may be 
infinite or cease for other reasons to exist. Frequently the problem is one which 
does not use derivatives at all. Even when the regular analytical machinery is 
available the problems in American texts are frequently capable of elementary 
synthetic treatment by use of the more familiar loci of plane geometry. This 
remark applies to the familiar exercise on the position of a point in a line from 
which a given segment perpendicular to the line subtends the maximum angle. 

A glance at the following examples some of them reduced to ridiculous sim- 
plicity will serve to emphasize a few of these objections. These same difficulties 
become serious when the problems are of similar sort but not so simple. 

1. Find the maximum of z. 

2. Find the minimum positive real number. 

3. What is the minimum value of y not less than 2 + 1 and 2’ simultaneously? 

4, Find the point the sum of whose distances from two given distinct points 
is @ minimum. 

5. Find the maximum and minimum real values of e!/?. 

6. Find the minimum of 1 + |# — 1]. 

7. Find the positive integer whose square exceeds three times the integer by 
as little as possible. 

8. Find the smallest number of coins (U.S., 1924) with which one can pay a 
bill of thirty cents. 

9. What is the smallest number of straight lines which can be used to dis- 
sect the interior of a circle into exactly ten portions? 

10. Find the broken line of the smallest number of segments which will 
pass through every square on a chess board at least once. 
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RECENT PUBLICATIONS. 
REVIEWS. 


The Teaching of Geometry in Schools, a report prepared by a sub-committee of 
the (British) Mathematical Association and accepted by the general teaching 
committee, November 3, 1923. London, Bell and Sons, 1923. 

The reviewer approaches his task with diffidence because it is singularly 
difficult for an American to give a fair and judicious account of a British educa- 
tional report; too many prejudices and preconceptions stand in the way. The 
difficulty is increased when the report deals with mathematics. The radicals 
among us dismiss the subject with the remark “ What can you expect of a people 
who cling to the use of Euclid?” The conservatives reply “What can you 
expect of a people who invented the Perry movement?” There is a diversity 
of gibes but the same spirit. All of which is unfortunate, for the report may have 
valuable material and may be conceived in a much less narrow spirit than that 
exhibited by the scorner. 

The present report is a careful, sane, and helpful document. Although there 
are no names of outstanding mathematical celebrities among the signers, there 
is plenty of evidence of sound scholarship. One gets the impression that they 
were actuated by a desire to benefit eductation by making the subject of geometry 
more helpful and fruitful, rather than by the ambition to weary the reader with 
generalities concerning the cultural and social significance of exact science in a 
democratic system of education. 

The real heart of the report lies in the contention for a spiral form of teaching 
geometry. The spiral has three turns, which they call the three stages: (a) 
experimental, (b) deductive, (c) systematic. About the first little need be said, 
the methods advocated are observational, the problems discussed are those 
which are picturesquely described as “Boy Scout Geometry.” It is worthy of 
mention in this connection that the committee consistently uses the word “ boys ” 
to mean “ pupils.” 

The second stage, the deductive, is of more interest. Here the pupil will be 
required to prove theorems and originals (Anglice riders). 


“At this stage the systematising instinct is not strongly developed. On the other hand, 
great interest may be aroused by the search for geometrical truths. It is better at this stage to 
steer into the unknown than to attempt the proof of propositions that are judged obviously true, 
the more striking the result, the greater the interest aroused. The reasoning powers have become 
strong enough to use the deductive method .... A good number of the simpler theorems 
will be assumed from observation . . . . By the end of stage (b) the boy should know the inter- 
esting theorems of plane geometry, he should be able to devise constructions and to solve easy 
riders, he should be able to apply his knowledge to simple solid figures, he should have some 
grasp on logical method.! 

“A course ending with stage (b) might be stimulating, but would certainly be ragged and 
unfinished. With dull boys probably nothing more can be accomplished, the Committee believes 
that they will derive more benefit from a frankly preliminary course than from an old-fashioned 
course on Euclidean lines. On the other hand, able boys will feel the need of rounding off and 
consolidating their study. This is the purpose of stage (c).” 


1 The quotation is from pp. 15 ff. It is a little depressing to learn that the committee expects 
that these valuable accomplishments will normally be acquired between the ages of 12 and 15. 
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The committee is familiar with the work of our own committee of 1911 and 
quotes with especial approval Professor Cajori’s account of the history of geome- 
try. Indeed it is evident that their recommendations concerning elementary 
geometry are entirely in agreement with the findings of our own recent National 
Committee on Mathematical Requirements, although it would seem that at 
each stage the British Committee expects the greater results. 

Two other stages are suggested rather half-heartedly: (d) modern geometry, 
geometrical conics, solid geometry; (e) the philosophy of geometry. These 
topics, except solid geometry, are outside the realm of practical discussion, at 
least so far as American schools are concerned. American teachers will marvel 
at the inclusion of geometrical éonics, or wonder what the subject may be about 
anyway. In fact we have a conspiracy of silence on the topic in the United 
States; it is looked upon: as subversive of good morals, and likely to undermine 
the credit of elementary geometry. The reviewer well remembers his feeling of 
absolute guilt when, at a neighboring university, he gave in one hour the geometri- 
cal proofs of practically all the theorems about the ellipse taken up in the usual 
first course in analytics. 

After the outline of stages, attention is turned to some miscellaneous topics. 
The raciness of the style tempts one to give a few specific quotations. On pages 
18 and 19 occurs a discussion of the number of experimental demonstrations which 
should be allowed in stage (6): 

“The main point is that something of the sort should be done before the boy comes to the 
proof, as a hors d’euvre to whet the appetite for the solid part of the feast. . . . The other class 
of theorems that may, it is suggested, be left over for a demonstration in:stage (c) contains theorems 
which are neither fundamental nor, to the mind of the boy of 14, in need of proof—Equal chords 
are equally distant from the center—the fact is too obvious to be interesting, and to dwell on it 
would be to delay progress, and allow interest to cool. 

“Every opportunity should be taken to generalize the results obtained, this is a feature 
characteristic of modern as contrasted with Greek mathematics. Euclid! gives no explanation 
as to the reason why proofs take the form in which they are presented, that is, the synthetic proof 
is given but not the analysis by which it was obtained. The synthetic form is suitable for final 
statement, but in teaching the analysis should not be omitted.” 

This question of generalization leads to the observation that a part of the 
report is not arranged in very logical order. On page 11 under the heading 
“Organization of derived propositions ” we find the power of a point with regard 
to a circle very prettily deduced, with pertinent suggestions as to the value of 
the concept of directed measurement. This is admirable; we have been waiting 
long and patiently for a writer of an elementary geometry who shall have the 
courage to put Euclid III 35 Jf in a circle two straight lines cut one another, the 
rectangle contained by the segments of the one is equal to the rectangle contained by 
the segments of the other and Euclid III 36 If a point be taken outside a circle, and 
from that point there fall on the circle two straight lines, one cutting the circle and the 
other touching it, then the rectangle, contained by the whole of the straight line which 
cuts the circle and the segment on it between the point and the convex circumference, 


1 American teachers will surely agree with this criticism of Euclid, at least if they have ever 
looked into that classic. 


i 
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will be equal to the square on the tangent into a single theorem to the effect that 
The product of the distances from a given point to two points on a circle collinear 
with it is independent of the direction of the joining line. But why do the authors 
introduce the concept of this generalization on page 11, when the general topic 
does not come till page 22 and the term power of a point with respect to a circle, 
though casually mentioned here, appears among the neglected details on page 66? 
There is, by the way, one detail which they mention which we hope will always 
be neglected: 

“The theorem that if two figures are directly congruent a point may be found by rotation 
about which one may be made to coincide with the other is a very easy rider or series of riders on 
congruent triangles.” 

The difficulty about this easy rider, which is another way of saying that every 
motion of the plane is a rotation, is that of course it is not necessarily true. 

A third part of the report deals with “Disputed points.” The first of these 
is congruence and superposition. The reviewer is in most hearty sympathy with 
the attitude taken on this important matter. The committee begins by quoting 
from Veronese! a passage which the reviewer found years ago to be a lamp unto 
his feet: “If we say that two bodies are equal when they can be superposed by 
means of movement without deformation we are committing a petitio principit, 
for the definition of rigidity assumes a criterion for equality ‘of spaces, and if the 
only criterion available is derived from superposition, there is no escape from the 
vicious circle.” It is justly observed that for the sake of brevity it is convenient 
to speak of putting a figure in a certain position, drawing a circle, ete. 

Let us look more closely into the matter. Where do we actually make use 
of superposition in our usual proofs? There seem to be only two cases. The 
second is the proof that in the same circle or equal circles equal central angles 
determine equal arcs. But the committee justly points out (pp. 31, 32) that 
until the length of an arc has been actually defined we must depend on intuition 
entirely for our concept of what we mean by equal arcs. At a much later stage 
when we define the length rigorously by a limiting process (if we ever really do 
so), an accurate proof will be available. The first use of superposition is in the 
Pons Asinorum, the first congruence axiom for triangles.2 Now Veronese and 
Hilbert have pointed out the great advantage of taking this theorem as one of 
the axioms. The committee would also favor such a course, that is, for stage (c). 
For stage (b) they would go further and give a congruence axiom along the 
following lines: Two figures are equal if the measurements necessary to specify them 
uniquely are equal. Or otherwise Any figure (plane or solid) can be exactly re- 
produced anywhere. For stage (b) the committee would go still further and 
assume: Any figure can be reproduced anywhere on any enlarged or diminished 
scale. It is pointed out that the independence of these two can be shown, and 
the second one enables us to eliminate the troublesome parallel axiom. 

Teachers will certainly differ in their readiness to follow such suggestions. 


1 Fondamenti di Geometria, Padua, 1891, page 259, note 1. 
2 For a discussion see Heath, Fuclid, vol. I, pp. 247 ff. Cambridge, 1908. 
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The reviewer is in doubt about the second assumption, but is in hearty sympathy 
with the idea of using the first. He has a wistful feeling that the committee 
had a splendid chance, which they failed to take, of recommending geometers 
to forget the cacophonous words congruent and congruence. Oh why did we ever 
allow these terms to escape from Pandora’s box to trouble our lives! Behold 
a definition from one of our geometries, equally renowned for its popularity, 
and for the scholarly standing of its author: ? 

“Tf two figures have exactly the same size and shape, they are called congruent 
figures. . . . In two congruent figures the parts of one figure are equal respectively 
to the parts of the other figure.” The distinction seems to be that the term “con- 
gruent ” applies to figures while the humbler and older term “equal” applies to 
parts of figures. Suppose that we have two congruent parallelograms, and divide 
them into corresponding pairs of triangles by corresponding diagonals, are the 
triangles equal because they are parts of congruent figures, or congruent because 
corresponding measurements are equal? 

The next topic is limits, this term indicating limiting processes. 'The reviewer 
is obliged to confess that he can not quite understand what the report is driving 
at in this matter. We read, for instance (p. 47): . 

“The conclusion to which the Committee is driven is that there is no need to discourage the 
use of limits in the informal stages of geometry, but that they are not suitable to the stage of 


formal demonstration. Generalization should always be as wide as the state of knowledge per- 


mits, but tangents should be included whenever possible as particular cases, not as limiting cases 
of chords.” 


The reviewer is at a loss to see how a tangent which is an unbounded straight 
line can be a particular case of a chord, which is a line-segment bounded by two 
points. He is even less happy in the discussion of the next topic, the incommen- 
surable case. The committee says (p. 51): 


“Until Pythagoras’ theorem is reached, the student need have no idea that irrationals exist. 
He knows that in arithmetic some numbers have squares and some have not, but this is no more 
puzzling than the fact that the world contains black cats, and cats which are not black, and the 
observation does not plunge him at once into the gloom where all is grey. . . . In geometry the 
incommensurables suddenly appear before the eyes, for it is inconceivable that the side of a square 
should have a definite length and the diagonal of the same square should not, whatever difficulties 
may appear when measurement is attempted. 

“This is one reason why the teacher of geometry must accept the burden of deciding to what 
extent the question of incommensurables is to be faced. Another reason is that when irrational 
numbers are introduced, the fundamental operations of addition and multiplication are no longer 
possible in the senses in which they are defined for rational numbers, and fresh definitions have to 
be found; the ordinary geometrical operations, on the other hand, are undisturbed by questions 


of relative commensurability.” 

These words form an auspicious beginning, but the reviewer finds the sub- 
sequent developments less satisfactory, he never feels quite sure whether the 
pea is under the geometrical shell or the arithmetical one. The committee 
would assume that every line segment has a numerical length, and every rectangle 
a numerical area, but whereas addition is defined as a combination of lengths, 
multiplication consists in passing from a length to an area. To an American 

1 Essentials of Plane and Solid Geometry by D. E. Smith, 1893, p. 21. 
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this seems artificial, and prompted by a desire to conform to the Euclidean 
tradition of always saying “rectangle” instead of “product.” It is certain that 
in future in our country the incommensurable case will either be omitted entirely 
or postponed to the last stage of school geometry, and it is likely to be taken up 
as the geometrical equivalent of irrational number. But the simplest way to 
handle an irrational number would seem to be to define it as an endless non- 
periodic decimal, and to assume that the laws of operation for such expressions 
are the same as those for terminating decimals. 

The remaining chapters of the report are occupied with matters of minor 
importance. The argument against an agreed order has no bearing in America 
where no one ever thinks of suggesting such an order. It is pleasant to note that 
the committee does not seem to stand in that dread of examiners and their re- 
quirements which has been characteristic of British writers in the past. It may 
be said with some truth that the thesis often upheld in American educational 
theory, that the best person to examine a pupil is the teacher who has prepared 
that pupil, is partly born of the fear that many have of the showing that their 
pupils will make when committed to the tender mercies of others. On the other 
hand, it is hard to escape the feeling that in Great Britain the examination seems 
to be looked upon as a great and glorious end in itself, rather than as an ill- 
devised means of accomplishing something we do not yet know how to do other- 
wise. 

In chapter V it is suggested that elementary trigonometry, including particu- 
larly the rules for right triangles, and the laws of sines and cosines, be introduced 
into the study of geometry, but in this matter American opinion has led the way, 
and such a recommendation has nothing novel for us. 

The reviewer must close by expressing his great satisfaction that in Great 
Britain the immediate future of geometry should be decided by its friends, sane 
and wise and practical friends but preéminently friends. 

J. L. 


Relativity and Gravitation. By T. P. Nunn. London, University of London 

Press, 1923. 162 pages. Price 6 shillings. 

This book by Professor Nunn has for its secondary title “An elementary 
treatise upon Einstein’s theory.” It calls attention to the fact that our literature 
upon the theory of relativity may be divided into works which are written for 
readers who have little or no mathematics and works of a more serious nature 
intended for those who have had considerable training in the mathematical 
sciences. The author states that his present contribution to the theory “seeks 
to fill a modest place between the two groups.’’ He says that “the level of 
difficulty may be indicated by saying that it should be well within the scope of 
anyone who has read mathematics up to, or nearly up to, the pass standard 
required for a B.Sc. degree.” It is, he says, “to be regarded as an exposition of 
the elements written by a layman for other laymen.” 

Now there are two interesting things which will at once strike any American 


t 
r 
0 
S 


300 RECENT PUBLICATIONS. (June, 


reviewer as he considers the American system of education and the achievements 
of our students. The first is that here is a book based upon a critical study of 
Einstein’s own papers, and yet made by a university professor of education. 
It seems a little odd; professors of education in our universities do not cultivate 
such fields. The second thing is that probably an uncomfortably large per cent 
of students in this country who have recently received the degree mentioned, 
and who have “read mathematics up to, or nearly up to, the pass standard 
required,” would find considerable difficulty in reading the book. It is as Pére 
Bosmans recently said in a review of an American work—the book is addressed 
“4 un public instruit, trés instruit méme, mais cependant a un public qui n’a pas 
été coulé dans le moule classique de nos humanités grécolatines,’’ and he might 
have said “of our modern humanities as well.” 

It is therefore instructive for us to see a book written by such an author and 
addressed to laymen of college training, and to ask if, after all, we are on the best 
educational track. 

It can hardly be expected in a review of such a work that more should be 
given than a general statement of the contents and of the style in which it is 
written. The successive chapters discuss the following leading topics: (1) 
Absolute and relative motion, (2) The restricted theory of relativity, (3) The 
general theory of relativity, (4) The Lorentz transformation and some applica- 
tions, (5) The space-time invariant, (6) Some mathematical notes, (7) The 
geodesic law of motion, (8) The gravitation potentials, (9) The crucial phe- 
nomena, (10) The tensor method, (11) Restriction (or contraction) of tensors, 
(12) Tensor-differentiation, (13) The law of gravitation. 

Professor Nunn has introduced his exposition of the theory with much the 
same simplicity as that which characterized so acceptably Professor Birkhoff’s 
recent Lowell lecture upon the subject. The reading of the chapters upon the 
nature of absolute and relative motion, the restricted theory of relativity, and 
even the general theory, requires no knowledge of mathematics beyond what a 
high school furnishes. The chapter on the Lorentz transformation requires an 
initial college course in physics and in the integral calculus. In the second half 
of the book, however, the ordinary college graduate would meet with some 
difficulty, although those who have taken mathematics with a view to proceeding 
later to the master’s degree would find in the vector analysis, the free use of 
determinants, the polar coérdinates, the differential equations, the physical 
formulas (which they may or may not have studied), and the use of the tensor 
method, material with which they are, in general, fairly familiar. 

Altogether the book is for students of mathematics in our junior or senior 
year rather than for the average layman who may possess a college degree. It 
should have a place in all college libraries and on the shelves of all students who 
expect to proceed to the study of graduate mathematics. Its style is lucid and 
its exposition logical. 

Davin EvGENE SMITH. 


| 
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The Theory of Determinants in the Historical Order of Development. By Sir 

Tuomas Murr. London, Macmillan and Company. 

1906, vol. I.—The Period 1693 to 1841, 475 pages. Price 21 shillings. 

1911, vol. II.—The Period 1841 to 1860, 503 pages. Price 21 shillings. 

1920, vol. III.—The Period 1861 to 1880, 491 pages. Price 35 shillings. 

1923, vol. I1V.—The Period 1881 to 1900, 508 pages. Price 40 shillings. 

For many years there has probably existed among mathematicians a growing 
conviction that it is of greater importance at the present stage of development of 
mathematics and its history that we should possess exhaustive historical accounts 
of special fields than that we have a general history of all mathematics. Such 
an exhaustive treatment implies that the author planned to take into account 
all papers written on his subject, the apparently unimportant ones as well as the 
obviously important, and that he made all reasonable efforts to secure such 
completeness. It seems nearly obvious that every branch of mathematics must 
have its detailed treatment in this sense before we shall be properly prepared for 
an authentic history of the whole of mathematics. The lack of such broad 
preparatory work—which can only be slowly built up by the efforts of many 
mathematicians and historians—is without doubt one main reason why such 
works as Cantor’s monumentally designed Geschichte der Mathematik must be 
considered to a certain extent disappointing, in spite of the immense amount of 
work and learning involved in their preparation. 

The number of such exhaustive treatments is slowly increasing. Within the 
last few years we have had Dickson’s fundamental History of the Theory of Num- 
bers, the Report of the Committee on Algebraic Numbers, and, quite recently, the 
fourth and final volume of Muir’s Theory of Determinants in the Historical Order 
of Development. 

The difficulty of compiling a complete record of even a comparatively small 
domain will be appreciated when one realizes that this summary of the relatively 
modern and special field of determinants covers, in four volumes of about equal 
thickness, nearly two thousand pages, and represents work by the author ex- 
tended over more than forty years. 

The earliest paper mentioned is one by Leibniz, 1693, the next two, Fontaine, 
1748, and Cramer, 1750. Prior to 1800, eleven papers, all told, are listed; the 
authors are, besides the three just named, Bézout, Vandermonde, Laplace, 
Lagrange, Hindenburg. 

The tremendous increase in the rate of production becomes apparent when 
one compares the number of titles reviewed in each volume. Thus, in the 
century and a half 1693-1841, there were 97 papers, while, in the successive 
twenty-year periods after 1841, there were 222, 588, and 875 papers respectively. 
In the successive volumes the treatment has undergone a natural tendency toward 
greater condensation. However, even in the concluding volume, at least the 
content of every paper is indicated, sometimes in a single sentence, sometimes 
in a report covering several pages; the position of the paper with respect to 
previous work is stated; and in very many cases a valuation of the paper in 
discreet form is attempted. 
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We quote the greater part of the preface: 


“With the issue of this volume, dealing with the period 1880-1900, my effort to present a 
historical account of the Theory of Determinants up to the close of the nineteenth century comes 
toanend. May it give to present and future students all the help which some such book would 
certainly have given to me half a century ago. 

“The work connected with the preparation of the volume has been more than ordinarily 
onerous. Considerably over 800 writings of one kind and another have had to be dealt with, 
that is to say, about a half more than in the case of the third volume. In view of the fact that 
each volume deals with a twenty-year period, the increase thus indicated in the attention given 
to the study of determinants is most striking, even when one makes allowance for the considerably 
increased facilities for publication during the latter period. 

“On first thoughts the bulk of the fourth volume ought, therefore, to be about a half more 
than that of the third; but then we have to reflect that the increased number of students and the 
increased facilities referred to are not accompanied by the like increase of original matter. It is 
only that workers rush into print a little more hastily than formerly, and that scientific societies 
and editors do not always sufficiently exert themselves to withstand the rush,—a state of matters 
that after all may be well-ordered in the interest of instruction and the spread of knowledge. 
Be this as it may, it is an undoubted fact that the number of writings which the chronicler of 
scientific progress can without unkindness dismiss in a sentence grows apace. All that can be 
fairly expected of him is to try his hardest to be just in his judgments, and, in the interest of his 
readers, to guard against hurtful condensation. 

“The bibliographical basis of the work, as is probably now well known among students of 
the subject, is the six lists of writings published in the Quarterly Journal of Mathematics at intervals 
from 1881 to 1916. A seventh list was added in 1920. Since in the compiling of every one of 
these lists after 1900 writings belonging to the preceding century continued to be carefully sought 
for, it is hoped that little matter of serious importance has been passed over that was needed 
for the History. .. .” 


Chapter headings of volume IV are as follows: 


I. Determinants in general, 1880-1900, 76 pp.—II. Text-books, 20 pp.—III. Determinants 
and linear equations, 11 pp.—IV. Axisymmetric determinants, 30 pp.—V. Symmetric determi- 
nants that are not axisymmetric, 4 pp.—VI. Alternants, 60 pp.—VII. Compound determinants, 
22 pp.—VIII. Recurrents, 18 pp.—IX. Wronskians, 9 pp.—X. Jacobians, 8 pp.—XI. Skew 
determinants and Pfaffians, 25 pp.—XII. Orthogonants and latent roots, 28 pp.—XIII. Per- 
symmetric determinants, 20 pp.— XIV. Bigradients, 20 pp.—XV. Hessians, 4 pp.—XVI. Circu- 
lants, 40 pp.—XVII. Continuants, 18 pp.— XVIII. Multilineants, 12 pp.—XIX. N-dimensional 
determinants, 2 pp.—XX. Bordered determinants, 7 pp.—X XI. Determinants having invariant 
factors (from 1851 to 1900), 19 pp.—X XII. The less common special forms, 44 pp.—Alphabetical 
list of authors, 11 pp. 

A very appreciative review of the third volume was published in the MonTHLy 
(1920, 419) by Professor R. C. Archibald. 

Sir Thomas is entitled to the sincere congratulations of mathematicians for 
having successfully carried through his ambitious plan of giving, up to about 
1900, a complete record of the writings on determinants. 

A. J. KemPNER. 


Mechanics of Particles and Rigid Bodies. By J. Prescorr. London, Longmans, 

Green and Co. 1923. 8vo, vii + 538 pages. Price $4.75 net. 

This is a second edition of this book and because it has been written and 
printed with the usual care of the British writer and publisher one has to search 
closely to find even a typographical error and then it is usually only a defective 
type. There are almost no errors even of this kind in the book and such as do 
occur are not worth calling especial attention to. The book contains 538 pages 
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printed in clear, compact, small type with exercises in smaller type. The press 
work has all the pleasing attractiveness with which these distinguished publishers 
present their mathematical publications. 

The author is head of the mathematical department at the Manchester 
College of Technology and in his preface says that his object is to supply a text- 
book on statics and dynamics suitable for students taking these subjects up to 
the standard of a pass degree at a British university. We take it therefore to 
mean, in our equivalent, that it is designed to be a first reading of this subject 
for our undergraduate students in colleges and technical schools. We wish that 
it could be truly said that such a book is typical of the undergraduate course in 
mechanics in American colleges. We fear, however, that there are but few such 
colleges of which this saying would be true. It is quite likely that only in our 
better class of engineering schools would one find the time and care given to the 
subject which the close reading of this book would require. 

The presentation of the subject matter is unusually lucid and made elementary 
with a scrupulous care, thus pleasing to the undergraduate. Indeed, the im- 
patient instructor using the text may in many places substitute a briefer treat- 
ment than that which the author gives, but which will probably be more appre- 
ciated by himself than by his students. 

The book is divided into three parts devoted respectively to statics, dynamics 
of a particle, dynamics of a rigid body. The presentation throughout is, in 
definition and development, that of the classical mechanics of Newton and is an 
excellent and successfully treated introduction to more advanced work in this 
direction. 

In the first two parts the discussion is kept in two dimensions until the ideas 
introduced are well assimilated. Then three-dimensional questions are led up 
to easily and naturally. The book is written in such a way as to be particularly 
beneficial for the student who takes mechanics as a chosen subject for his general 
education and is also suitable for one who proposes to go on in either physics, 
astronomy or engineering; it is so nicely balanced in this respect that it would 
be difficult to improve upon it. 

In the chapter on graphical statics the engineer might wish that a standard 
roof and bridge truss had been worked among the examples given. Potential is 
introduced and defined as a function V which added to the work W of a 
system gives a constant sum W+ V. From this its existence and properties 
are developed in a very satisfactory manner. The author takes two pages to 
prove the existence of, and to find, the potential, when the force is a central one 
whose magnitude is a function only of the distance from the center. This could 
be done in three lines. A brief chapter is given to virtual work, but nothing 
said of astatic equilibrium which might have been done, at least for the plane, 
to some advantage. Strings and chains under gravity, and elasticity in struts 
and beams make nice reading for the first time. In the catenaries, however, the 
prospective engineer will miss the approximate formule for those of high tension 
and small sag. Attraction and lines of force are given enough attention to 
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make them familiar; numerous examples of attraction are clearly worked out 
in the text. Newton’s laws are presented with careful explanation and kine- 
matics in a plane with applications to central orbits gives a most satisfactory 
preparation for students taking astronomy. The treatment of a rigid body in 
three dimensions is carried out far enough to furnish the methods for working a 
number of excellent exercises and to introduce all the fundamental notions. 
The book ends with a good chapter on units and dimensions. Curiously enough, 
there is an appendix giving elementary properties of conics which one would 
think familiar to any student capable of entering such a course. 

One of the splendid things about this book, common to nearly all British 
mathematical texts, is the collection of problems and exercises. They are not 
fancy, made-up problems, for most of them are signed as having been posted 
as examination questions at various institutions, as is their custom. The Briton 
in this respect simply has us beaten to a finish. The reviewer thinks it unfor- 
tunate that we do not give the time, contemplation and the practice in our 
undergraduate work necessary to acquire such skill and power to answer questions 
on examination as many of these problems require. 

It is with pleasure that we recommend this book to American students with 
the assurance that they will be benefited by its careful reading and prepared 
thereby to pursue work in any direction they may elect in scientific work. 


W. H. Ecnots. 


ARTICLES IN CURRENT PERIODICALS. 


The lists appearing regularly in the MONTHLY of articles in current periodicals are intended 
to include (1) titles of papers in all mathematical journals published in the United States; (2) 
titles of mathematical papers and reports published by the national and state academies of 
science and in journals devoted to general science; (3) titles of mathematical papers by American 
authors published in foreign journals. 


ANNALS OF MATHEMATICS, second series, volume 24, no. 4, June, 1923: ‘An introduction 
to the theory of elliptic functions” by G. Mittag-Leffler, 271-351; ‘“‘Cyclotomic quintisection for 
all primes of the form 10n + 1 between 1900 and 2100” by P. O. Upadhyaya, 352-354; ‘Geodesic 
lines in Riemann space” by R. Henderson, 355-358; “A functional equation from the theory 
of the Riemann ¢(s)-functions” by A. Arwin, 359-366; ‘‘The geometry of paths and general 
relativity”? by L. P. Eisenhart, 367-392. 

AMERICAN JOURNAL OF MATHEMATICS, volume 47, no. 1, January, 1924: “On the 
theory of numbers and generalized quaternions”’ by L. E. Dickson, 1-16; ‘A study of the rational 
involutorial transformations in space which leave a web of sextic surfaces invariant’”’ by J. O. 
Osborn, 17-36; ‘On the reduction of differential parameters in terms of finite sets, with remarks 
concerning differential invariants of analytic transformations” by O. E. Glenn, 37-54; “On the 
isodyadic septimic equations” by J. C. Glashan, 55-69. 

PROCEEDINGS OF THE NATIONAL ACADEMY OF SCIENCES, volume 10, no. 2, February, 
1924: “Sets of completely independent postulates for cyclic order” by E. V. Huntington, 74-78; 
“The development of a frequency function and some comments on curve fitting”’ by E. B. Wilson, 
79-84; March, 1924: “New topological invariants expressible as tensors’? by J. W. Alexander, 
99-101; “On certain new topological invariants of a manifold” by J. W. Alexander, 101-103; 
“Condition that an electron describe a geodesic’”’ by A. Bramley, 103-107. 

SCHOOL SCIENCE AND MATHEMATICS, volume 24, no. 3, March, 1924: “Mathematics” 
by E. G. Burgess, Jr., 264-272; ‘Mathematical shortcomings of the Greeks” by G. A. Miller, 
284-287; “Disguised facts” by W. V. Lovitt, 287-290; “‘The cyclic quadrilateral’ by R. Morris, 
296-300. 
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JOURNAL DE MATHEMATIQUES, volume 2, no. 4, 1923: ‘Theory of non-analytic functions 
of a complex variable” by E. R. Hedrick, L. Ingold, W. D. A. Westfall, 327-342. 

MONIST, volume 34, no. 1, January, 1924: “The structure of exact thought” by R. D. 
Carmichael, 63-95. 

SCIENTIFIC MONTHLY, volume 18, no. 4, April, 1924: “The origin, nature and influence 
of relativity” by G. D. Birkhoff, 408-421. 


PROBLEMS AND SOLUTIONS. 
Epirep By B. F. Finxet, Orro DuNKEL, AND H. L. OLson. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N.B. Problems containing results believed to be new, or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, pro- 
posers would also enclose any solutions or information that will assist the editors in checking the 
statements. In general, problems in well-known textbooks, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montuty. In so far as possible, 
however, the editors will be glad to assist members of the Association with their difficulties in 
the solution of such problems.] 


3082. Proposed by J. E. TREVOR, Cornell University. 

Find three determinants whose arrays are odd-rowed concentric magic squares of order n, 
and whose absolute values are successively n-n!, and (1-3-5-7--+n)?, and (n!)*. 

A magic square is here understood to be an array of n? numbers such that the sum of the 
elements of each row, of each column, and of each principal diagonal is the same number; while 
a concentric magic square is a magic from which successive magic squares are obtained by suc- 
cessive removal of the bounding rows and columns. 


3083. Proposed by PAUL CAPRON, U. S. Naval Academy. 

Show that if three distinct normals to the parabola, y? = 4pz, are concurrent, the sum of 
their slopes is zero, and that if the sum of three numbers is zero, they are the slopes of concurrent 
normals to the parabola, y? = 4px. If two of the three concurrent normals are perpendicular 
and the third bisects the angle between them, show that they meet at (3p, 0), (8p, V5p) or 
(8p, — ~v5p). 


3084. Proposed by H. S. UHLER, Yale University. 
Given that a and 6 are constants, evaluate the integral 

S [x3 arcsin (b/x)]/ Va? — 
3085. Proposed by E. T. BELL, University of Washington. 


Is there any simple expression, in terms only of n and its divisors, for the sum 5(— 1)**# zy 
extended to all odd integers, x, y, satisfying x? + y? = n? 


3086. Proposed by A. S. WIENER, Cornell University. 
Prove that the determinant of the nth order 


is divisible by \"~! and find the other factor. 


= 
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3087. Proposed by H. W. BAILEY, Champaign, Illinois. 


Given a polygon of n sides with vertices (11, y1), «++ (Za, Yn). Set up a determinant of the 
nth order which shall represent its area. 


3088. Proposed by C. J. COE, University of Michigan. 

If a sphere of radius 2r is cut by a circular cylinder of radius r so that the center of the sphere 
lies on the surface of the cylinder, show that the length of the curve of intersection of the two 
surfaces is twice that of the curve of intersection of this cylinder with a plane cutting its elements 


at an angle of 45°. 
SOLUTIONS. 


2966 [1922, 179]. Proposed by OTTO DUNKEL, Washington University. 
When a curve produces a caustic by the reflection of the rays proceeding from a fixed point, 
6 and 4’ the lengths of the incident and reflected rays, R the radius of curvature of the curve, 
and w the angle of incidence, satisfy the equation (see 1920, 225) 
2 
R cos 
Give a geometrical proof of this relation, using the harmonic properties of the figure, and obtain in 


this manner a simpler and different geometrical derivation from that given in Humbert’s Cours 
d’ Analyse, volume 1, page 77. 


SOLUTION BY THE PROPOSER. 


Let F be the fixed point on the concave side of the curve; FM and FM’ the rays to two neigh- 
boring points M and M’ on the curve; MO’ and 
M’O’ the normals to the curve meeting at O’; MF” 
and M’F” the reflected rays meeting at F’’. Con- 
struct a circle through M, M’ and O’ cutting MF 
and M’F in Q and Q’, respectively, and cutting MF” 
and M’F’’ in P and P’, respectively. Draw MP’ and 
M’'P meeting in H’: then H’ and F” are conjugate 
points with respect to the circle. Since O’ bisects 
the arcs QP and Q’P’, the arc QQ’ is equal to the arc 
P’P, and hence the angle MFM’ is equal to the an- 
gle MH’M’. Thus a circle can be passed through F, 
M, M’ and H’. Now as M’ approaches M, O’ ap- 
proaches the center of curvature O for the point M; 
the points F’”’, P, H’ approach limiting positions F’, 
P,, H on the reflected ray MF’’. Hence H and F’ 
are conjugate points with respect to the limit circle 
on the diameter MO = R, and this circle passes 
through P;. The limiting position of the second cir- 
cle is a circle through M and F with its diameter 
along MO and passing through H. Since’the angle FMO = angle OMH = w, we have MF = 
MH = 5. From the harmonic range MF’P,H we have 
1 1 2 re 2 

This proof applies whether F’ lies on the same side of the curve as F or on the opposite side: 
in the first case 6’ is positive and in the second it is negative. 

Draw FF’ cutting MO in 7, and then the straight lines 7P; and TH. Since by the symmetry 
of the figure 7'M bisects the supplement of angle F’TH (or the angle itself) and the pencil T 
(MF’P,BH) is harmonic, it follows that TP; is perpendicular to MT. 


2976 [1922, 225]. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 
The base of a variable triangle is fixed, the opposite vertex describing a straight line. Find 


the locus of the symmedian point, the locus of the center of the nine-point circle, and the envelope 
of the Euler line. 


2934 [1921, 467]. This problem is included in the above. 
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Sotution By Orro Washington University. 


Let the z-axis be along the fixed base BC and the origin at its middle point so that the co- 
ordinates of B and C are, respectively, (— a, 0) and (a, 0). Let the variable vertex A have the 
codrdinates (A, #) and suppose that it moves on the line u» = md + b, m = tan 7. 

The symmedian point, say L, lies on the straight line through the middle point of a side 
and the middle point of the corresponding altitude of the triangle. 

Its distances from the sides of the triangle are proportional to the lengths of the corresponding 
sides. 
From the first property we have at once 2\y = ux, where (z, y) are the codrdinates of L. 
The second property gives 


— a)? + — — a)y + 2au(z — a) = 0, 
which reduces by means of the first result to 


+ 3a? + — 2a%u = 0. (1) 
Inserting the first result in » = md + b, we find 
— 
2y — mz’ — mz? 


and after removing y/(2y — mz)? the equation for L becomes 
+ 3a2(2y — mx)? + 4b*y? — 4a2b(2y — max) = 0. (2) 


The form of this equation shows that the locus is an ellipse with 2y — mz = 0 as its tangent at 
the origin. 

Either one of the two properties might have been used alone to derive the equation; or 
this third property might have been used. Let BT and CT be the tangents to the circumscribing 
circle of ABC at B and C and let BL and CL be two lines such that B(TCLA) and C(TBLA) 
are harmonic pencils. Then L the intersection of BL and CL is the symmedian point. 

Turning now to the center of the nine-point circle, let H be the intersection of the altitudes 
AM and BN. Then from the similarity of the triangles AMC and BMH, it follows that 


MH = (a? — 
Let K be the center of the circumscribing circle, then 20K = HA; and if the codrdinates of 
the middle point of HK are (zx, y), then 2x = \ and 


If m = 0, » is a constant and the locus is the parabola 


pt + a? — 42? 
(4) 


The case m = © is trivial. Consider the remaining cases, and eliminate \ from (3). There 
results 


ul(m? — — + 2b] + ma? — = 0, = 2mz +0. (5) 
The form of this equation shows that the locus is a hyperbola with the asymptotes 
_ + 
and the center (— 3b cot 7, 3b cot? r). 


P The codrdinates of the center of gravity are (A/3, u/3). Hence the equation of the line 
H is 


(1 + m?)d3 + [2m(b — y) — (m? + 3)a)A? + [b? — a? — 2b(y + mz)Jd + (3a? — B)x = 0. (7) 


The envelope of this line is obtained by imposing the condition for a pair of equal roots in \, 
This condition is 


z= y = — cot 27z + m = tant, (6) 


4 sin? 


27A2D? — B°C? — 18ABCD + 4AC* + 4DB? = 0, 


] 
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where A, B, C, D are the coefficients of \%, d*, A, \° in equation (7). The locus is therefore a 
curve of the fourth order. 


3019 (1923, 206). Proposed by J. B. REYNOLDS, Lehigh University. 
Find the equation of the curve on the cylinder x? — y? = a? such that the tangent to it cuts 
the zy-plane in a lemniscate as the point of tangency moves along the curve. 


SOLUTION BY THE PROPOSER. 
Solution by vectors. Let the equation of the curve be 


r = acosh ti + a sinh tj + wk, 
then the vector 
r’ = asinh ti + a cosh tj + pk, 


where p = du/dt, will be parallel to the tangent to the curve. So for the-vector equation of the 
tangent we may write : 


r; = a(coshé + s sinh ¢)i + a(sinh ¢ + s cosh t)j + (u + ps)k, 


s being a scalar quantity. 
Where r; cuts the zy plane we must have u + ps = Oors = — u/p giving for r; for the plane 
curve of intersection 


r = a(cosh t — sinh +a (sinh t — cosh t)j. 


This curve will be a lemniscate if 


du 


= = tanh 2¢ or = coth 2idt. 


Integrating, we get u = c Vsinh 2¢ which gives for the required curve 


r =acosh ti +asinh tj +c vsinh 
and the curve in which the tangent intersects the zy-plane is 
cosh 2¢ cosh 2¢ 7 
or the lemniscate p? = a? cos 26. 
Note By THE Eprirors: There is little, if any, advantage in using vectors as the work is 


almost identically the same without them. It has not been shown that there is only one lemnis- 
cate which can be obtained as the trace of the tangent in the xy-plane. 


3021 [1923, 206]. Proposed by N. ALTSHILLER-COURT, University of Oklahoma. 
Prove that the two lines joining the points of intersection of two orthogonal circles to any 
point of one of them meet the other circle in two diametrically opposite points, and conversely. 


SotuTion By L. V. Rosinson, University of Chicago. 


Let the circles be PCQ and QCR the tangents of which are AC and BC, respectively, C and 
Q being the points of intersection. Draw PC and PQ intersecting the circle QCR in O and R. 
Draw QR and QC. 

Then since Z ACB = 90°, it also follows that 


Z ACP + Z BCR = 90°. 
Since 4 arc PC measures both angles PQC and PCA, and } arc CR measures both the angles 
BCR and CQR, 
ZACP = PQ; Z BCR = CQR. 
Z PQR = 90°. 


which means that 7 OQR is measured by a quadrant. It is evident, then, that OR must be the 
diameter of the circle QCR. : 
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The converse also easily follows. Given OR the diameter of the circle QCR, draw CR and 
QO intersecting the circle PCQ in some point P. Draw CP and CR and prove PCR is a straight 
line. As before, it is obvious that 


ZACP = Z PQC; Z BCR = Z CQR. 
Z PQC + ZCQR = Z OQR = 90°, 
Z ACP + Z BCR = 90°; i 


But since 


and since 7 ACB = 90°, 
Z ACP + Z ACB + Z BCR = 180°, 


and PCR is a straight line. Hence the lines drawn through Q and O and through C and R meet 
the other circle in a common point P. 

Also solved by THEoporRE BENNETT, A. BoGarp, Rurus Crane, A. PELLE- 
A. V. Ricnarpson, J. B. Reynotps, W. W. WEBER, and M. 
Younae. 

3022 (1923, 206]. Proposed by M. J. SPINKS, Wilmington, Ohio. 


Given that ABC is an equilateral spherical triangle right-angled at C, prove that sec A = 
+ sec a. 


SoLuTion By L. V. Rostnson. 


Since ABC is equilateral it is also equiangular. But since C is a right angle, all the angles 
are right and hence each side is 90°. Thus the relation in the problem is satisfied. It will now 
be shown that the relation is true when the equal angles are not right. By the law of cosines we 
have cosa = cos?a + sin? a cos A. Since cos a is not zero, let us divide this equation by cos? a 
and then replace tan? a by sec?a — 1. There results 


Since A and C approach 90° simultaneously, we see that as C approaches a right angle, a and 
hence b and c approach 90°. 


Also solved by J. B. REYNoLDs. 


3023 [1923, 206]. Proposed by E. T. BELL, University of Washington. 
The equation 2? + y? + z? = 0 is possible in integers x, y, z prime to the odd prime 7p, if 


1 
5 | — Nal) +5 Nap) + | +1 


is divisible by p, where N,(n) is the number of representations (order essential) of n as a sum of 
r square integers with roots = 0. 


SOLUTION BY THE PROPOSER. 


The condition is merely Wieferich’s criterion in another form: the equation is possible if 
(27-1 — 1)/p* is an integer. For if m is odd, we have 


Ny(m) = (1) 


where ¢i(m) = the sum of all the divisors of m. If in (1) we put m = p=, and note that N,(p) 
= 2?, we get 


1 1 1 1 Qr-1 — 
Nap) — Nalp) + — + Nol) =2| 


since N,(p) = 0. Hence if (2?-! — 1)/p? is an integer, we get the stated condition. The identity 
(1) follows . equating coefficients of g in 


\ 

1e 

sec? a — 1 

sec A = sec a+ 
: 
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which follows from the well-known identity (see any text on elliptic functions) 
1+ 22g" = — X + gr). 
On the left of (2) the logarithm is expanded and rearranged as a power series in g before differ- 


entiation, and the obvious relation N,(n) = 2°N,’(n) is used, where N r(n) = the number of 
representations of n as a sum of r squares of integers with roots > 0. 


3024 [1923, 206). Proposed by H. F. MACNEISH, College of the City of New York. 

Tha angles of a triangle ABC are divided into n equal parts (n = 3, 4, 5, -++) and the two 
n-sectors of angles B and C which are adjacent to side BC intersect in Ai, the next two n-sectors 
in Azandso onto Ani. Points Bi, Bz, Bs, +++ Ci, C2, Cs, are similarly determined. Which 
of the triangles A;:B;C; (¢ = 1, 2, «++, n — 1) are equilateral? 


SOLUTION FOR n = 3 BY THE PROPOSER. 


By the sine law the trilinear codrdinates of points Ai, As, Bi, Bs, Ci, C2 are easily found and 
may be expressed in the following form: A;(1, 2 cos C/3, 2 cos B/3); B.(2 cos C/3, 1, 2 cos A/3); 
C,(2 cos B/3, 2 cos A/3, 1) : A2(2 cos B/3 cos C/3, cos B/3, cos C/3); B2(cos A/3, 2 cos A/3 cos C/3, 
cos C/3); C2(cos A/3, cos B/3, 2 cos A/3 cos B/3). Then A;Ae, B,B2, CiC2 concur at point 
O(cos A/3 + 2 cos B/3 cos C/3, cos B/3 + 2 cos A/3 cos C/3, cos C/3 + 2 cos A/3 cos B/3). 

Let BA; and CB, intersect at C’, also AB; and CA, intersect at C’’. Since A2A; bisects 
B+C 


Also X A,C’A; = wet, hence the sum X CA:A; 
a 4 A,C'As = 90° + C/3 and the third angle of 
triangle C’A,Az, i.e., C2Ai1Az equals 90° — C/3. 
Similarly x CoB,Bs equals 90° — C/3. There- 
fore, X C2AiA2 = X C2BiBs, hence A OB,C; = 
A and = A,C2. Then A = 
hence, = B,C. By cyclic inter- 
change of letters A, B, C we obtain A,C; = A,B; 
and triangle A,B,C, is equilateral. 

The 3 isosceles A A;B,C2, B,C\A2, 
have equal bases, but x AiC2Bi = 180° — 3(A 
+ B), BAC, = 180 +C), x C,B2A1 
= 180 — 3(A +(C); hence unless the triangle 
ABC is equilateral, their vertex angles are not all 
equal; hence the altitudes B.H, C.F are 
not all equal. A,D, B,E, C.F the altitudes of the equilateral A A,B,C; are equal; therefore 
OD = OE = OF and hence OA2, OBz, and OC; are not all equal in general. In A A;OBz, since 
A:OB: = 120°, = OA? OB? + OA2:OB2; and in A since 4 = 120°, 
A.C,? = OA? + OC;? + OA2-OC2. Hence unless the triangle ABC is equilateral, the triangle 
A2B:C; is not equilateral. 


3025 [1923, 275]. Proposed by E. H. CLARKE, Hiram College. 
Sum the infinite series 


CAB, = 90° — 


k a positive integer. 


Sotution By H. L. University of New Hampshire. 


The summation of this series may be effected by the method explained on page 209 of Crys- 
tal’s Algebra, Part II, for the summation of series of the form Z¢,(n) x*/n!, where ¢,(n) is 
a polynomial of the rth degree in n with constant coefficients. In the proposed series suppose 
that k = 3. The method consists in the determination of the coefficients in the identity 

(2n)® = Ao + Ai(2n — 2) + A2(2n — 2)(2n — 3) + A3(2n — 2)(2n — 3)(2n — 4); 


then by means of this result the given series can be broken up into four series of known form. 
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Obviously A; = 1, then Ao, Ai, Az may be determined in turn by setting 2n = 2, 3, 4. In 
this way it is found that 


ne =1 +2 9 (an — 2) +3 3 (2n — 2)(2n — 3) +5 ; (2n — 2)(2n — 3)(2n — 4). 


Hence 
niz2n-2 = g2n-2 19a $ 2 g2n-4 +3 
— 1 (2n — 2)! 2? (2n — 3)! 2? (Qn — 4)! 3 (Qn — 5)! 
= € 192) cn ) sinh 


For the case of k = 2 it is found that 
© niy2n-2 

(2n — 2)! 

Whatever positive integral value k may have, the corresponding A coefficients may be de- 


termined in exactly the same way, and consequently the summation can be performed in the 
manner explained. 


3027 [1923, 275]. Proposed by C. N. SCHMALL, New York City. 

A parabola whose base (double ordinate) is h and altitude k has a circle inscribed of diameter 
d, and a circle circumscribed, of diameter D. Show that D+d=h+k. Note that k can not 
be < h/2. 


x? 
=(1 + 5) cosh 2 + =. 


Sotution By S. E. Frexp, University of Michigan. 


Given the parabola y* = 4pzx with its base the line x = k. The codrdinates of the extremities 
of the base are (k, + h/2). For the inscribed circle, let the center be (a;, 0). The radius will be 
r = k — q and its equation will be z? + y? — 2a,r — k? + 2ka, = 0. The condition that this 
circle shall be tangent to the parabola y* = 4pz is (2p — a;)? — (2ka; — k*) = 0, and this reduces 
toa, = 2p +k — V4pk = 2p + k — h/2 (discarding the positive sign of the radical since it will 
obviously put the center of the circle outside the parabola). Then, r = (h/2) — 2p and d=h 
— 4p. 

For the circumscribed circle, let the center be (a2,0). Since this circle passes through the 
points (0, 0), (k, + A/2), its radius will be 


= V(k — az)? + 
from which 
a; = 


Hence, D+d=h+k. 

The abscissa of the points of tangency of the inscribed circle is k — h/2. 

Notr.—If k < h/2, the circle touches the parabola only at its vertex and the above argument 
does not apply. 

Also solved by A. Bocarp, H. W. Battey, A. M. 
Harpinc, Hoover, A. PELLETIER, C. K. Ropsins, J. B. REYNoLDs, 
and A. V. RicHarDson. 


=R and D=k-+ 4p. 


3029 [1923, 275]. Proposed by J. ROSENBAUM, Milford, Conn. 

To locate two points, D and £, on the sides AB and BC of a triangle ABC such that 
AD : DE : EC shall be equal to p : g: r, where p, g, and r are given line segments. 

The above is a generalization of problem 2816 (1920, 134). 


SoLution By A. V. Ricuarpson, Bishop’s College. 


Take any point X on AB, and from C lay off CY on CB such that AX: CY =p:r. Now 
determine a length XZ such that AX : XZ = p:q and with this length as radius describe a 
circle with the center X. Let the parallel to AC through Y cut this circle in Z and draw ZS parallel 
to BC cutting AC in S. Let the line AZ cut CB in E, and draw ED parallel to ZX cutting AB 
in D. Then D and E are the required points. For AD/AX = DE/XZ = AE/AZ = EC/YC. 
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Notre sy Orto DUNKEL. 


If the points D and E may be taken on the extensions of the sides AB and CB, there may 
be four solutions. This will be the case if g? + p? + r? + 2pr cos Band gq > (psin A —r sin C)?, 
If g? < (psin A —r sin C)*, there is no solution. It is assumed that none of the lengths p, gq, r 
are zero. For certain triangles and certain values of p:q:r there are two solutions in which 
the points D and E lie within the respective segments AB and CB. 


Also solved by Micuart C. K. and F. L. Witmer. 


3030 [1923, 275]. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 
Find the envelope of the bisector of the angle that a given segment subtends at a variable 
point of a given line. 


SoLuTion By Hoover, Columbus, Ohio, Aanp Orro DUNKEL, 
Washington University. 


A more general problem will be considered. Let A, B be a pair of fixed points; HZ, F a 
second pair of fixed points not in the same straight line with AB; 1 a fixed straight line. A 
variable point P of the line / is joined to A, B, EZ, F by straight lines and the pair of lines which 
separate harmonically the lines PA, PB as well as PE, PF will be considered. If EH and F are 
the circular points at infinity, this pair of lines become the bisectors of the given problem. 

Let 1 and EF, produced, meet in C; take ABC as the triangle of reference and choose the 
codrdinates so that the equation of 1 is x, + 22 = 0. The equation of EF will be of the form 
2, + kx, = 0. The equations of AP and BP may then be written 


— Ax, = 0, + = (1) 


A point Q on EF is determined by its intersection with a line az; + brz +23 = 0. The equation 
of PQ may be found by determining 2, q, r, s so that 


— + + + kaa) + + bre + 2s) = 0. (2) 
It is found in this way that the equation of PQ is 
(ka — b + A)(xs — Ari) + (0 — ka — kd) + Ate) = O. (3) 
Let the points Z, F be given by b = 0, a = 0, respectively. Then the equations of EP and 
FP are 
(ka + d)(as — — k(a + + = O, (4) 


(A — b)(@s — + (6 — KA) + Ata) = O. 
The pair of lines which separate harmonically both (1) and (4) are given by 
(ka +2)(A — b) (as — Axi)? — k(a + A)(KA — (wa + Azz)? = O. (5) 
A factor \ may be taken out and equation (5) becomes 
A(x)? — + — — — + k*x2)] 
— — — b)(a1 + + kab(x:* — 2;*)] (6) 
+ — k)(ka — b) + + 22)] = 0. 


The envelope is obtained by eliminating from (6) by use of its derivative with respect to 2. 
The result would be complicated and not particularly interesting. From (6) we see that from 
a point there may be drawn three tangents to the envelope. 


3035 [1923, 337]. Proposed by R. M. MATHEWS, Wesleyan University. 
Generalize projectively and prove that the envelope of the bisectors of the angles between 
corresponding lines of two perspective pencils is a curve of the third class. 


SOLUTION BY THE PROPOSER. 


The projective statement is: The two pairs of lines which join a point P to two fixed pairs 
of points A, A’ and B, B’ determine an involution at P the double lines of which envelop a curve of 
the third class when P describes a line. 


en 


irs 
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The four points determine a pencil of conics; each conic C cuts the line p on which P moves 
in its own pair of corresponding points P and P’ of an involution on p. To find the double lines 
in the radial involutions P(AA’, BB’) and P’(AA’, BB’), let AB meet A’B’ at C while AB’ 
and A’B meet at C’; the line = CC’ cuts conic C at Land L’. Then PL and PL’ are the double 
lines at P; similarly for P’. Now the involutions (PP’) and (LL’) of points which the pencil 
of conics gives on p and J are not only projective but are in what Schroeter called ‘‘half perspective” 
position! That is, the conic through the intersection D of p and / gives a point P’ on p and 
L' onl; and D as of p corresponds to P’, while as of | it corresponds to L’, and in the projectivity 
of the involution ranges it corresponds once to itself. Now Schroeter has shown that the lines 
which join the corresponding points of two range involutions in half perspective position envelop 
a curve of the third class, if the point D, as the envelope of the pencil of lines through it, be 
discarded. 

The general theorem above dualizes as follows: 

The iwo pairs of points in which a line p is cut by two fixed pairs of lines a, a’ and b, b’ deter- 
mine an involution the double points of which describe a cubic when p rotates around a point. 

Nore: See the solution of 3030, p. 312, for an analytical treatment of this problem. If 
the points A, A’, B, B’ be on a straight line, then the envelope consists of the pair of points which 
separate harmonically the two pairs of points A, A’ and B, B’, and the intersection of p with AA’. 


3039 [1923, 337]. Proposed by J. K. WHITTEMORE, Yale University. 
Given a conic S, a point A, anda linel. Through A is drawn a variable line cutting S in P 
andQ. Find the envelope of a conic which is tangent to S at P and Q and which is tangent to 1. 


I. SoLution sy R. A. Jounson, Hamline University. 
Using trilinear coérdinates, we take the fixed point A as (0, 0, 1), the fixed line 1 as z; = 0, 
and the conic S as 
(wx) = + + + + + agers? = 0. 
An arbitrary line, k, through A is given by 
+ = 0, 
where ) is any constant. 


The equation 
v(xx) + + = 0, 


where u and v are constants, represents a conic having double contact with S where the line, k, 
intersects S. We must determine u:v so that this conic will also be tangent to J. Setting 
2; = 0, we have 

+ + 2(aiw + + (Gow + Nu)z? = 0. 


The condition for tangency is 
(aiw + + Nu) — + Au)* = 0. 


Qi 
G21 

(aid? — + + 2D = 0, = a2). 
The root v = 0 yields a trivial solution, line k counted twice. 


If D = 0, so that S is tangent to 1, we have u = 0, and the variable conic reduces to S itself. 
If D + 0, 


Setting D = , this reduces to 


v = — + =-D, 
and the variable conic specified by the problem is 
— + — + = 0. 


_Arranging this equation according to powers of 4, we have to determine the envelope as 
varies. This is most easily accomplished by equating to zero the discriminant of the quadratic 


+ — Dz? | ~ 0, 


“1 Schroeter, H, Theorie der ebenen Kurven dritter Ordnung, Leipzig, 1888. §6. 
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which reduces to 
D(xx)[(xx) — — — = 0 
or 
+ + = 0. 


The envelope then consists of S, 1, and a straight line whose equation is 
201301 + + = O. 


This line passes through the common point of | and the polar of A with regard to S. 

Consider briefly the metric interpretation of this result. We may take A as the origin and 
Las the line at infinity; and the problem is that of the envelope of a set of parabolas doubly tangent 
to a given conic. It is evident that the envelope is parallel to the polar of A with respect to 
the conic, and half as far from A as this polar. 


II. Sotution sy Orro DunKEL, Washington University. 


Let C be a conic tangent to / at Z and having double contact with S such that the chord 
of contact PQ (= d) passes through A. If B is the point on d such that APBQ is a harmonic 
range and 7’ is the intersection of the common tangents at P and Q, then the fixed line BT (= a) 
is the polar of A with respect to S, also with respect to C. Let M be the intersection of a with 
I and consider the second tangent ML’ to C with the point of tangency L’. Since M lies on a, 
its polar L’L with respect to C must pass through A. Thus the pencil MA, l, a, ML’ is harmonic; 
and hence ML’ is a fixed straight line which every C touches. Thus the envelope of C consists 
of the parts S,/ and ML’. There can be no other parts to the envelope. For each C determines 
a point LZ, and L’ is then found as the intersection of AL with the fixed line ML’. Since L and 
L’ count as four points, only one other condition, tangency with S, can be adjoined for the deter- 
mination of each C. 

If S is tangent to 1 it must also touch ML’; hence C must coincide with S, since they have 
in common four points in P and Q and two common tangents, | and ML’. 


Also solved by W. B. Carver, WituraM Hoover and C. K. Rossrns. 


3040 [1923, 402]. Proposed by WILLIAM HOOVER, Columbus, Ohio. 
Given the radius, R, of a sphere rolling down two intersecting straight lines including the 


angle 2a and equally inclined to the horizon; show that the locus of the center of the sphere is 
an ellipse of semi-axes R esc a, R 


So.tution By W. S. Bartow, Detroit, Michigan. 


Place the two intersecting lines Om and On in the XZ plane so that their bisector coincides 
with the z-axis, and their point of intersection O is at the origin. 

Let x, y be the codrdinates of the center of the sphere. Line y is perpendicular to OX and 
line w is drawn to the point of tangency between the sphere and Om. Line w is therefore per- 
pendicular to y and Om. 

Then, 

w+ y? = R? and (x2/R? csc? a) + (y?/R?) = 1. 


Also solved by S. F. Briss, Fircn, H. A. PELLETIER, 
J. B. Reynoips, C. K. Rosprins, ToappEus StonczEwskI, H. B. Witcox, and 
the Proposer. 


i 
| 
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NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will coéperate in contributing to the general interest 
of this department by sending items to R. W. BURGESS, Brown University, Providence, R. I. 


Dr. Extrau Tuomson, of the General Electric Company, has received the 
Kelvin gold medal, which was founded in 1914 by British and American engineers 
and is awarded triennially by the presidents of representative British societies. 

Dr. W. D. Lampert, of the United States Coast and Geodetic Survey, has 
been elected recording secretary of the Washington Academy of Sciences. 

Professor J. E. Hopason of the University of West Virginia died on April 11, 
1924. He was fifty-four years of age and had been Professor of Mathematics 
since 1913, having been appointed Associate Professor in 1912. 

Assistant Professor ARTHUR RaNnvuM, of Cornell University, has been promoted 
to a full professorship of mathematics. 

Professor R. W. Burcsss, of Brown University, has been granted leave of 
absence for the academic year 1924-1925, and has accepted for the year a 
statistical position with the Western Electric Company in New York City. 

Miss Frances M. Waricut, of Brown University, has been appointed instruc- 
tor of mathematics at the University of Oklahoma for the academic year 1924- 
1925. 

Miss Evetyn P. Wiaarn, of Brown University, has been appointed instructor 
of mathematics and physics at Hood College, Frederick, Maryland, for the 
academic year 1924-1925. 

The National Council of Teachers of Mathematics held its annual meeting 
in conjunction with the Department of Superintendence of the National Educa- 
tion Association in Chicago on February 23, 1924. The following papers were 
presented: “A Better Use of Tests,” by W. D. RexEve of Teachers College, 
Columbia University; ‘Memory and Marks in Mathematics,’ by EtrHeEn 
Luccock, Northwestern High School, Detroit, Michigan; “The Laboratory 
Method in the Class Room,” by CHartes SToneE, University of Chicago High 
School. At the banquet in the evening, with Professor H. E. Stauaur presiding, 
the following papers were read: “Reliability of Teachers’ Marks,” by RALEIGH 
ScHORLING, University of Michigan High School, Ann Arbor, Michigan; “'Teach- 
ing Pupils the Conscious Use of the Technique of Thinking,” by Etsie P. 
Jounson, Oak Park High School, Oak Park, Illinois. The National Council of 
Teachers of Mathematics is a federation of secondary mathematics associations 
whose official organ is The Mathematics Teacher. The membership of this 
organization is between 3000 and 4000. 
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NOTES AND NEWS. [June, 1924, 


The International Mathematical Congress. 


The International Mathematical Congress will be held at Toronto, Canada, © 
August 11th to 16th, 1924, under the auspices of the Royal Canadian Institute 
and the University of Toronto. 

This is the first meeting of the Congress to be held on the American continent, 

Special prominence will be given at this meeting to the engineering and other © 


practical applications of mathematics, and contributions have been invited from ~ 


mathematical physicists and engineers engaged in mathematical investigations ~ 
of engineering problems. i 
The proceedings of the Congress will be printed and it is hoped that they may 
form a complete contemporary account of the pure and applied mathematical 
sciences. : 
Seventy scientific institutions on the American continent, and ninety in © 
Europe and elsewhere have arranged to send one or more delegates to the Congress, _ 
The Congress will meet in the following sections: 
Section J: Algebra, theory of numbers, analysis. 
Section JJ: Geometry. 
Section JJI: (a) Mechanics, mathematical physics. 
(b) Astronomy, geophysics. 
Section IV: (a) Electrical, mechanical, civil and mining engineering. 
(b) Aeronautics, naval architecture, ballistics, radiotelegraphy. 
Section V: Statistics, actuarial science, economics. 
Section VI: History, philosophy, didactics. 
This arrangement of sections is designed to afford, in the sphere of applied 4 
mathematics, full opportunity for consideration, not only of those questions in 7 
which interest is purely scientific, but also of practical problems of engineering, — 
the solution of which contributes directly to the cause of progress. 
Additional information may be obtained from Professor J. K. SyncE, Royal 7 
Canadian Institute, Toronto, Canada. 4 
At the conclusion of the Congress many of the European delegates will join 7 
the members of the British Association for the Advancement of Science in an ™ 
excursion across Canada to Vancouver on the Pacific coast. 
The British Association will hold its 92d annual meeting in Toronto from” 
August 6th to August 13th. 
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